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Preface 

One of the keys to success in the IC industry is getting a new product to 
market in a timely fashion and being able to produce that product with 
sufficient yield to be profitable. There are two ways to increase yield: by 
improving the control of the manufacturing process and by designing the 
process and the circuits in such a way as to minimize the effect of the 
inherent variations of the process on performance. The latter is typically 
referred to as "design for manufacture" or "statistical design". As device 
sizes continue to shrink, the effects of the inherent fluctuations in the IC 
fabrication process will have an even more obvious effect on circuit 
performance. And design for manufacture will increase in importance. We 
have been working in the area of statistically based computer aided design 
for more than 13 years . During the last decade we have been working with 
each other, and individually with our students, to develop methods and 
CAD tools that can be used to improve yield during the design and 
manufacturing phases of IC realization. This effort has resulted in a large 
number of publications that have appeared in a variety of journals and 
conference proceedings. Thus our motivation in writing this book is to put, 
in one place, a description of our approach to IC yield enhancement. While 
the work that is contained in this book has appeared in the open literature, 
we have attempted to use a consistent notation throughout this book. 
(Despite our best efforts thought there are times that inconsistency has crept 
in and we ask the readers patience.) We have also decided to organize the 
material by topic , rather than in chronological order . Thus it is not 
necessarily true that the material presented in earlier chapters was actually 
developed prior to the materia l presented in later chapters. 

We begin in Chapter 1 by presenting a uniform framework of viewing yield 
related problems in IC manufacture. The concepts of parametric and 
functional yields are introduced and a number of important definitions and 
assumptions are presented. Chapter 2 discusses the parametric yield 
maximization problem and in troduces the simplicial approximation method. 
This method will also playa role in a computer aided manufacturing system 
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presented in Chapter 6. The statistically based process and device simulator 
F AERICS is described in Chapter 3. This simulator, which can be used to 
predict parametric yield, plays a central role in much of our work. Several 
applications of F AERICS are discussed in Chapter 4. We turn to functional 
yield in Chapter 5. Here we consider in some detail the causes of functional 
yield loss and three techniques for predicting functional yield. Finally, in 
Chapter 6 we describe a comprehensive approach to computer-aided 
manufacturing that is based upon the concepts introduced in the first five 
chapters. 

The work that is described in this book has been influenced greatly by the 
efforts of a large number of our graduate students. We are indebted to 
them and gratefully acknowledge them: Jacques Benkoski, Ihao Chen, 
Marko Chew, Janusz Deszczka, Demitri Giannopolus, Tomek Gutt, Molly 
Johnson, Pat Kager, John Kibarian, Michael Lightner, K . K . Low, 
P. K. Mozumder, Sani Nassif, Peter Odryna, Rahul Razdan, Mary Jo 
Saccamango, C. R. Shyamsundar, Ryszard Skrocki, Costas Spanos, Xiaowei 
Tian, Mike Trick, Luis Vidigal, Hank Walker, and Chi Min Yuan. It is to 
them that we dedicate this book. 

We would also like to acknowledge that some of the material in this book is 
also based upon work we have done with some of our other colleagues: 
Gary Hachtel, Bob Brayton, Jan Koszur, Wiesiek Kuzmicz, Bozena Lesinska, 
Zhi-Jie Li , Mike Thomas, Randy Hughes and Alfred Swit. Our thanks also 
go to Ms. Julie Gawdyda who helped in the preparation of this manuscript. 

Finally, we would like to acknowledge the financial support of the 
Semiconductor Research Corporation, the National Science Foundation, 
IBM, AT&T Bell Laboratories , Harris Semiconductor, Texas Instruments, 
General Electric, Digital Equipment Corporation, and National 
Semiconductor that has allowed us to carry out much of this work. We are 
especially grateful to our industrial friends for providing us with the 
opportunity to test out many of our ideas in a real world setting. 



Chapter 1 
Yield Estimation and Prediction1 

1.1. Introduction 

Due to inherent fluctuations in any integrated circuit manufacturing process, 
the yield (which is nominally viewed as the ratio of the number of chips 
that perform correctly, i.e., meet all performance specifications, to the 
number of chips manufactured) is always less than 100%. As the complexity 
of VLSI chips increases, and the dimensions of VLSI devices decrease, the 
sensitivity of performance to process fluctuations increases, thus further 
reducing the manufacturing yield. Since profitability of a manufacturing 
pI;ocess is directly related to yield, the search for computer-aided methods 
for maximizing yield through improved design methods and control of the 
manufacturing process has intensified dramatically. 

Statistical approaches to yield modeling and optimization have been under 
development for a number of years. For the most part, these methods can 
be separated into two categories: parametric yield estimation and 
optimization techniques and catastrophic yield estimation and optimization 
techniques. In general, parametric yield optimization has been formulated 

IThis chapter is based upon the paper 'VLSI Yield Prediction and Estimation: A Unified 
Framework' by W. Maly, A.J. Strojwas and S.W. Director, IEEE Transactions on Computer 
Aided Design of Integrated Circuits and Systems, CAD-5(1), pp. 114-130, January 1986. 
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as a tolerance assignment or design centering problem [5], [23]' [90], [24], 
[7], [120], [91], [13], [55], [3]' [116]. However, due to simplified assumptions 

about circuit element characteristics, these approaches have been proven 
successful only for discrete circuits that have a relatively small number of 
designable parameters. To overcome the above drawbacks, techniques for 
yield optimization that employ statistical process simulation techniques 
[49], [60], [65]' [104], [83] have been developed to handle IC manufacturing 

process related constraints [63]' [64]' [115], [94], [35], [4], [20]. Methods for 
catastrophic yield estimation have been based upon such simplifying 
assumptions as yield loss being due to point defects only [79]' [76], [85], 
[106], [107], [38]. More elaborate models that handle nonuniform defect 

distribution [129]' [106], defect size distribution [87], [9], [66]' [68], [31], 
[32] and the yield for chips with redundant circuitry [109], [110]' [73] have 

also been reported. 

All of the above approaches , while appropriate for the particular 
applications they were designed for, are not sufficient to handle all of the 
factors that affect the yield of VLSI circuits. In this chapter we develop a 
unified framework from which improved methods for yield maximization 
can proceed. \Ve present a general and realistic approach to predicting and 
estimating the manufacturing yield of VLSI circuits by taking into account 
all of the physical phenomena that affect manufacturing yield. We begin in 
the next section by investigating the structure and organization of a typical 
VLSI fabrication process . A description of the physical causes of yield loss is 
then presented along with a classification scheme for possible failure modes 
in VLSI circuits. We then introduce formulae that can be used to estimate 
yield during the manufacturing process and to predict yield during the 
design process. Finally, we discuss the cost and profit aspects of VLSI 
manufacturing and relate them to yield maximization . 

1.2. The VLSI Fabrication Process 

As a first step towards developing a manufacturing-based approach to CAD 
we formalize some terms concerning the structure and organization of a 
fabrication process. In this section we analyze , in general terms, the VLSI 
manufacturing process organization and environment , and establish 
relationships between what is normally called the IC design domain and the 
IC manufacturing domain . 
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The IC manufacturing process involves a sequence of basic processing steps 
that are performed on sets of wafers called lots. Each wafer may contain as 
many as several hundred IC chips. A few of the chips on the wafer are 
special in that they contain test structures and are called test chips. Test 
structures are special purpose devices which are designed so that their 
performance is sensitive to the quality of specific processing steps. Examples 
of test structures are long contact chains, large capacitors, and arrays of 

transistors of various geometries. 2 

To facilitate process observability and process control, one or more 
processing steps may be separated by an inspection and selection step. An 
inspection step involves a measurement, or sequence of measurements, called 
in-line measurements, performed on the wafer or, in some cases a special 
test wafer, that does not contain IC's. If one or more in-line measurements 
fall outside of some range defined by a set of selection thresholds , the 
wafers are considered defective and are discarded. The conditions under 
which the in-line measurements are performed, defined in terms of such 
parameters as voltages or currents, are called test conditions. We refer to a 
sequence of processing steps followed by an inspection and selection step as a 
manufacturing operation as shown in Fig. 1-1. 

The outcome of a manufacturing operation depends on three major factors: 
the process controlling parameters ,or control; the geometry of the 
fabricated IC, or layout, and some randomly changing environmental 
factors, called disturbances. The control of a manufacturing operation is 
the set of parameters which can be manipulated in order to achieve some 
desired change in the fabricated IC structure. Examples of control 
parameters are processing equipment settings which determine temperatures, 
gas pressures, step duration etc. The layout of an IC is described as a set of 
masks where each mask can be viewed as a collection of transparent regions 
within an opaque region. The disturbances are environmental factors that 
cause variations in the outcome of a manufacturing operation . Such 
variations are inherent in any manufacturing process and can be 
characterized in terms of a set of random variables. 

2In some cases, test structures are also placed in scribe lanes, i.e. in the spaces between the 
chips on a wafer. 
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Figure 1-1: Flow of information in a manufacturing operation. 

A typical Ie fabrication process involves many manufacturing operations, as 
shown in Fig. 1-2. Observe that the last few manufacturing operations 
involve probe tests . As shown, probe tests are performed on two different 
types of chips: regular chips and test chips. Regular chips are classified as 
passing or failing, and those which pass are forwarded to the assembly and 
packaging operations. Since test chips are designed to provide information 
about the process performance for diagnostic purposes, and are not used to 
select Ie chips, test chip measurements are distinguished as a separate 
branch in the flow diagram. From Fig. 1-2 we see that the Ie 
manufacturing process is composed of a wafer fabrication part, a testing 
part and an assembly part . The testing and assembly parts of the process 
involve probe measurements and testing, assembly and packaging, and final 
testing as shown in Fig. 1-3. In the wafer fabrication part, the control 
parameters , layout parameters, and the disturbances are represented by the 
C, L, and D, respectively. In-line measurements are denoted by X. 

Probe and final tests are performed by testing programs that set appropriate 
values of the voltage and current source inputs and then measure various 
voltage or current outputs. Two types of tests are made: parametric and 
functional. Parametric tests are used to detect basic discrepancies between 
the performance of the Ie under test and the desired performance and 
involve such quantities as power, critical signal levels and other DC 
parameters. Functional tests are used to detect errors in the function 
performed by Ie chips. For digital circuits, functional tests involve the 
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Figure 1-2: Flow of information in an NMOS process. 

application of binary testing sequences to chip inputs and the results are 
compared against expected output binary vectors. For analog circuits, 
functional evaluation depends on the type of chip, but usually consists of 
some frequency or dynamic response measurements . A bandwidth limitation 
associated with the probe capacitances may be an important obstacle in the 
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Figure 1-3: Generalized structure of the Ie manufacturing process. 

implementation of some functional tests during probe measurements. 

We assume that the Ie probe selection is characterized by two sets of 
parameters, Bp and Tp . Bp is a set of parametric testing conditions and 

binary test vectors. T p is a set of selection thresholds which define a 

selection region. The Ie probe measurement results are denoted by X CH . 

We denote by BT and X T the test structure probe testing conditions and 

measurement results, respectively. 

After probe measurement, all Ie chips classified as defective are rejected and 
the remaining chips are assembled and packaged. A full final testing of the 
packaged Ie is then performed, and again defective IC's are rejected. The 
final test conditions, selection thresholds, and measurement results are 
denoted by B IC , TIC and X IC' respectively. Examples that illustrate 

selection thresholds for various selection tests are shown in Fig. 1-4 . 

In order to fully characterize the general structure of the manufacturing 
process, we introduce a set of variables, called process state variables , 
which completely describe the physical properties of the Ie at any point in 
the fabrication process. While the process state variables are usually 
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Figure 1-4: Examples of the selection regions defined for: in-process 
measurement, shown in the histogram (a), test structure 
measurements, probe measurements, and final measurements 
shown in the scatter plots (b) , (c), and (d), respectively. IC 
chips or wafers whose parameters are outside of the selection 
region, i.e., in the shaded regions, are classified as defective 
and are rejected from the process. 

unknown in an actual process, they can be estimated through in-line, test 
structure, and final measurements . We distinguish between four sets of 
state variables: X W ' Xp 'X c ' and X F ' which describe the "state" of an IC 
chip after wafer fabrication, probe test, assembly and packaging, and final 
test, respectively, as illustrated in Fig. 1-3 . 

A number of relationships and dependencies exist between the variables 
introduced above . We define the n. dimensional vector • 

i i T X., X . = {x1' ... 'x } , where the index i denotes the type of measurement 
•• n . • 
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(i = I for in-line measurement, i = CH for probe measurement etc.) , and T 
denotes transpose. Xwand Xl which describe the IC after wafer fabrication 

and in-line measurements, respectively, are implicit functions of the process 
controls, C, the layout parameters, L, and the disturbances, D, i .e., 

(1.1) 

(1.2) 

Note that Fwand FI do not imply that explicit analytic expressions exist. 

Since the process disturbances, D, are random variables, Xw and Xl are 

random vectors and are characterized by joint probability density functions 
(jpdf), which will be denoted by fw(xw) and f/(x/), respectively. 

Similarly, we can identify the following dependencies: 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

where the functions F T' F CH' F p' F C ' FIG ' and F F are complicated 
relations, that usually can only be approximated from experimental data. 
Of course, as in the case of Xw and Xl' all of the variables on the left hand 

side of Eq. (1.1)-Eq. (1.8) are random vectors that are characterized by 
appropriate jpdf's. 

To illustrate the physical significance of the above relations, consider a 
simple n-channel polysilicon-gate MOS technology. For this technology, we 
can identify the following variables: 
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• In-line measurements , XI - includes field oxide thickness, gate 

oxide thickness, distance between edges of the field oxide in the 
channel of the depletion mode transistor, resistance of the 
polysilicon path, etc.; 

• Process state vector after wafer fabrication, Xw - includes the 

three dimensional description of the geometry of all regions in 
the silicon substrate, the insulating and conducting layers, 
including distributions of the impurities in the entire Ie chip, the 
location and size of all point defects in the semiconductor 
substrate, the parameters determining the dependence between 
impurity concentration and carrier mobilities, etc.; 

• Test structure test conditions , BT - includes the drain-source, 

substrate and gate voltages used to measure I-V characteristics of 
a set of transistors, the currents of the current source used to 
test connectivity of a chain of contacts, etc.; 

• Test structure measurements X T - includes the voltage drop 

across the polysilicon resistor connected to the output of the 
current source, the transistor drain currents measured with the 
gate connected to the drain for a given supply voltage for 
various back-bias voltages, etc. 

• Test structure thresholds , TT - includes the maximal value of 

the voltage drop on terminals of the contact chain; maximal 
drain substrate current, maximal and minimal voltage drops 
between polysilicon resistor terminals, etc. ; 

• Test conditions of the Ie probe measurements, Bp - includes the 

voltage supply, clock frequency, current at a given output node, 
patterns (test vectors) of O's and l's on Ie inputs, etc.; 

• Result of Ie probe measurements, X CH - includes input current, 

power dissipation, voltage gain, noise margin, offset voltage, etc.; 

• Ie selection thresholds , Tp - includes maximal and minimal 
currents of voltage supply, minimal output voltage for a given 
output current, patterns of O's and 1 's on the specified Ie 

9 
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outputs, minimal amplitude of the ac signal, etc.; 

• Process state after IC selection , X p - includes parameters 

denoted by Xw except for those parameters that describe 

defective IC's . X p could include all of the parameters that 

characterize IC element models provided that the element models 
perfectly describe the IC elements. (Examples of such 
parameters are the SPICE MOS transistor model parameters.); 

• Process state after assembly and packaging , Xc - includes 

parameters by X p as well as the data that characterize 

packaging, I.e . the data that describes power dissipation 
conditions etc.; 

• Results of final functional test conditions and test sequences, B -
includes parameters denoted by BT as well as a full set of test 

vectors and all high frequency and high speed conditions such as 
high frequency clock rates, high frequency ac signals etc.; 

• Final functional test and measurements , X/c - includes those 

parameters denoted by X CH as well as the full set of results of 

functional test and high frequency measurements such as 
frequency characteristics and delays; 

• Final functional test thresholds, T - includes the complete set of 
the correct results of functional tests and quantities such as 
maximal delay, minimal amplitude of the ac signal, and all other 
thresholds included in Tp; 

• Process state after final testing , X F - is equivalent to Xc but 
can also be expressed in terms of a set of parameters of Ie device 
models that fully characterize IC behavior under all possible test 
conditions. 

In conclusion, we emphasize the following facts: 

• Due to process disturbances, all quantities observed during 
manufacture are random variables and must be described by 
appropriate jpdf's; 



THE VLSI FABRICATION PROCESS 

• Process state variables are essentially unknown and can only be 
estimated by means of measurements; 

• Relationships between process conditions and the quantItIes 
measurable in the process are usually known with limited 
accuracy and in many cases is experimental in nature. 

11 

We now investigate the causes of process fluctuations , and their effects on 
circuit performance. 

1.3. Disturbances in the Ie Manufacturing 
Process 

The process disturbances that occur in the Ie manufacturing process can be 
characterized in terms of the physical nature of the disturbance or in terms 
of the effects they have on Ie performance. Effects on performance can be 
described in terms of changes in the electrical characteristics of the Ie or in 
terms of changes in circuit connectivity. In this section we describe and 
classify process disturbances and then classify the effects that these 
disturbances have on performances. 

1.3.1. Process Disturbances 

Sources of the random phenomena that occur in the Ie fabrication process 
[118]' [34], [96] which can be modeled as process disturbances , can be 

classified as : 

• Human errors and equipment failures. 

• Instabilities in the process conditions. These are random 
fluctuations in the actual environment that surrounds an Ie chip 
and arise from phenomena such as turbulent flow of gasses used 
for diffusion and oxidation, inaccuracies in the control of furnace 
temperature, etc. Because of these instabilities, each area of 
wafer is exposed to slightly different environmental conditions 
and, hence , no two manufactured chips can possibly have 
identical performance. 

• Material instabilities. These are variations In the physical 
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parameters of the chemical compounds and other materials used 
in the manufacturing process. Typical examples of material 
instabilities are: fluctuations in the purity and physical 
characteristics of the chemical compounds, density and viscosity 
of photoresist , water and gasses contamination etc . 

• Substrate inhomogeneities. These are local disturbances in 
the properties of substrate wafers and are of three types: point 
defects, dislocations, and sur face imperfections . Point defects, 
which are local disorders in the structure of the lattice of a 
semiconductor material include: vacancies (a lack of the atom in 
the lattice site), interstitial defects (an atom is located out. of 
crystal site), and vacancy-interstitial pairs (also called Frenkel 
defects). Point defects act as recombination centers and, 
therefore, affect carrier lifetime. Concentration of point defects 
may fluctuate and is affected by high temperature process 
operations. Dislocations, which are geometrical irregularities in 
the regular structure of the crystal lattice, are caused by crystal 
growth related thermal stresses and are of two different types: 
edge dislocations and screw dislocations. The most important 
characteristic of a dislocation is that it strongly interacts with 
point defects and impurities located in its neighborhood. As a 
consequence, a large increase of the impurity diffusion coefficient 
may occur which may lead to the formation of diffusion pipes 
that cause such problems as abnormal leakage currents or low 
breakdown voltage in p-n junctions . 

• Lithography spots. These are lithography related disturbances 
of IC geometry which may be caused by the mask fabrication 
process as well as the lithography process itself. The mask 
fabrication process may produce defects of two types: 
transparent spots in opaque regions and opaque spots in 
transparent regions of the mask. The lithography process may 
produce spots due to dust particles on the surface of the mask 
and photoresist layers. Some photoresist inhomogeneities can also 
produce the lithography spots. 

Not all of the disturbances described above have the same influence on Ie 
performance. Thus, we are motivated to consider what electrical and 
geometrical effects result from these disturbances. 
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1.3.2. Process Related Deformations of Ie 
Design 

13 

Disturbances in the process can be viewed as affecting either the geometry 
and/ or the electrical characteristics of an IC device. In order to characterize 
these effects it is useful to employ the concept of an ideal IC. An ideal IC 
is one that would result from a perfect manufacturing process , ie ., its layout 
is identical to that specified by the masks, and its electrical properties (e.g. 
impurity distributions or charge densities) are the same as those assumed by 
the designer during the design process. The performance of an actual IC can 
be viewed as a deformation from that found in an ideal IC. Actually , 
deformations have two components: a deterministic component, and a 
random component. The deterministic component of each deformation is 
due to simplifications used in developing the description of the ideal IC. 
Such simplifications are usually necessary due to the lack of the adequate 
process/ device modeling techniques applied during the IC design process. 
The random component of the deformation is due to the process 
disturbances themselves. Weare particularly interested in this random 
component. 

1.3.2.1. Geometrical Deformations 

The geomt')try of an IC is determined by the two dimensional (2D) IC layout 
and the physics of the manufacturing process. In an ideal IC it is assumed 
that the edges of the layout define the boundaries of the various regions in 
an IC and that various manufacturing process steps determine the depth, or 
thickness, of a region. In an actual IC this is not the case, as illustrated in 
Fig. 1-5. Geometrical deformations result from three effects: lateral effects, 
vertical effects, and spot defects. 

Lateral effects include all processing effects that cause the location of the 
boundary of the region in an actual IC to differ from the corresponding 
boundary in the ideal IC. A lateral effect can be composed of a lateral edge 
displacement and a mask misalignment. 

Lateral edge displacements are caused by all processing steps with 
anisotropic characteristics, such as: 

• Lateral diffusion; 
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DESIGN ACTUAL IC 

Metal connection 

Contact cut 

Implanted transistor Channel 

Figure 1-5: Illustrations of the discrepancies in geometry 
between an ideal IC and an actual IC . 

that exist 

• Lateral oxidation i.e., bird's beak formation; 

• Over- and under-etching of metal, polysilicon, oxide and nitride 
layers; 
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• Over- and under-exposure of the photoresist and photoemulsions 
apllied in all lithography steps; 

• UV light or e-beam diffraction on the mask edges. 
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Fig. 1-6 illustrates the contribution of various lateral effects to the lateral 
edge displacement of the diffusion region, bounded by the edge of the field 
oxide. Lateral edge displacements may cause drastic deformations in the 
topology of the actual Ie by merging regions which are supposed to be 
disjoint. In terms of electrical behavior such deformations manifest 
themselves as shorts between, or breaks in, conducting paths. 

Note that all edges that lie within regions of the same type are usually 
affected by the same set of independent disturbances, while edges that lie in 
different types of regions are affected by different sets of disturbances. 
There are cases, however, in which some disturbances affect different types 
of regions in the same way and where regions of the same type are affected 
by quite different sets of disturbances. For example, in n-channel MOS 
technology, some of the disturbances that contribute to the displacement of 
the diffusion edge, as depicted in Fig. 1-6, affect both the location of the 
edge of the MOS transistor drain and source as well as the location of the 
edges of transistor channels. On the other hand, the locations of the edges of 
depletion mode transistors are determined by two different sets of 
disturbances. Specifically, the edges on the boundaries between channel and 
source or channel and drain are affected by different disturbances than the 
edges of the active regions. Hence, in general, in an actual Ie, displacements 
of the edges of a region may either be very similar (if not identical) , 
correlated, or totally independent . 

Disturbances that significantly contribute to lateral edge displacements are 
random instabilities in process conditions such as equipment vibrations, and 
instabilities of layer thicknesses that cause fluctuations in the amount of 
over- and under-etching. 

Mask misalignment, which is an error in the position of a lithography mask 
with respect to the features already engraved on the surface of a wafer, 
cause all edges defined by the mask to be shifted by the same amount with 
respect to the boundaries of the regions that already exist on the surface of 
the wafer. (See Fig. 1-7) In fact, mask misalignment could be so significant 
that the geometry of an actual Ie can be deformed from that of the 
corresponding ideal Ie to the extent it results in changes in electrical 
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Figure 1-6: Lateral displacement of the diffusion region boundary as a 
result of edge displacements in the mask fabrication process, 
resist and nitride etching, bird's beak formation and 
lateral diffusion. 

connectIvIty. Random errors in the mask alignment process are due to 
instabilities in process conditions due to limited mechanical and optical 
accuracy of the processing equipment and shape variations of the wafers . 

Vertical effects are deformations in the thickness of Ie layers and include 



DISTURBANCES IN THE IC MANUFACTURING PROCESS 17 
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Figure 1-7: Mask misalignment . 

deformations which are due to the p-n junction depth variatIOns and 
deformations in the thickness of the oxide and other deposited layers . 
Junction depth variations are a direct consequence of the fluctuations in the 
impurity concentrations while deformations in the thickness of the deposited 
or oxidized layers are due to process instabilities such as turbulent gas flow, 
temperature fluctuations, etc. 
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Spot defects are geometrical features that emerge during the 
manufacturing process that were not originally defined by the the IC layout. 
The main source of spot defects are lithography spots. Spot defects are 
random in both their location and size. The size of a spot defect is 
determined by both the size of the actual particle that caused the spot defect 
and lateral deformations which disturb the location of the edges of the spot 
defect. 

1.3.2.2. Electrical Deformations 

The electrical characteristics of an actual IC are determined by the three­
dimensional impurity distributions in the conducting and semiconducting 
regions, and charge distribution in the insulating layers. In an ideal IC, a 
number of simplifying assumptions are typically made which allow for 
analysis of a design prior to manufacturing (see Fig. 1-8). All process 
models are described by simplified equations that can be solved either 
analytically or by simple numerical techniques. Thus, the physical 
description of such phenomena as dependence of impurity diffusivities on 
concentration of vacancies and interstitials, or dependence of oxidation 
growth rates on the impurity concentration in the substrate is often 
inadequate and leads to significant discrepancies between simulation results 
and reality. Furthermore, most models are one-dimensional and incorporate 
only a few of two-dimensional effects. Device analysis is also performed in 
an approximate manner and although the equations that describe device 
behavior are known, the boundary conditions are typically simplified. Also, 
a number of important physical effects are not included in the analysis (for 
example, heavy doping effects in bipolar transistors or thin oxide tunneling 
effects in MOSFET's). 

The above simplifications introduce a systematic error in performance 
analysis and cause the description of the electrical properties of an IC used 
in the design process to differ from physical reality. However, there also 
exist many phenomena that are random in nature and cause electrical 
deformations of IC characteristics. As was the case for geometrical 
deformations, we can divide these phenomena into global and local 
phenomena. Global electrical deformations affect various regions in 
different IC elements in the same way. Examples of global deformations 
include: 

• fixed positive oxide charges in the oxide due to a non-perfect 
(non-stechiometric) structure of the oxide; 
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DESIGN ACTUAL IC 

C(x) x C(x) x 

x x 

Figure 1-8: Comparison of impurity distributions assumed in the 
channel of an ideal depletion mode transistor versus that of 
an actual depletion mode transistor. 

• emitter-push effect, which is due to enlarged diffusivity of boron 
in the active base of the n-p-n transistor, caused by emitter 
diffusion induced damages of the crystal lattice; 

• increased junction depths under the oxide regions due to 
oxidation-enhanced diffusion phenomena. 

These deformations are random and vary from wafer to wafer, and even 
across the wafer . However, within one chip their effects on IC elements are 
very similar. Local electrical deformations are due to 

• Spikes, which are tiny conducting pipes, or paths , crossing 
junctions or even whole regions, e.g., the base in the n-p-n 
transistors; 

• Local impurity precipitates or silicides which affect the 
percentage of electrically active impurities in silicon; 

• Local contaminations of the Si02 - Si surface that affect surface 
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recombination mechanisms in bipolar devices and disturb MOS 
transistor threshold through local concentration of surface states. 

The above effects have to be treated as process related deformations of the 
electrical characteristics of an actual Ie and have to be taken into account 
in order to obtain a realistic model for yield losses. 

1.3.3. General Characteristics of Process 
Disturbances 

From the above discussion we can observe that disturbances can cause either 
global or local deformations . All deformations which affect all Ie elements 
in the same way are called global. Mask misalignment is an example of a 
disturbance that causes a global deformation of an ideal Ie. Disturbances 
that cause global deformations are referred to as global disturbances . 
Similarly, disturbances that cause only local deformations (affected regions 
are small compared to the total area of an Ie chip) are referred to as local 
disturbances. Pin-holes, spikes and spot defects are examples of local 
deformations. 

It is important to note that various process conditions may interact in an 
indirect way . For instance , high temperature processes may cause an 
increase in the lithography errors due to deformations in the shape of the 
wafer. Hence, in general, random fluctuations in process conditions of one 
processing step may result in changing process conditions of another step. 
Note also that process induced deformations of any kind, local or global, 
geometrical or electrical, are random. For the case of global disturbances, 
the magnitude of process-related deformations is random and varies from 
one Ie to another. For the case of local disturbances, both the magnitude 
(e.g. size of a defect) and location of the resulting deformations are random. 

1.3.4. IC Performance Faults 

We now consider the impact that process disturbances have on Ie device 
characteristics and indicate how these randomly changing characteristics 
affect Ie performance. We then introduce a fault classification based upon 
effects on performance. 

We begin by noting that each process disturbance may cause a number of 
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different changes in Ie performance. Such changes in behavior are called 
faults. For instance, a spot defect introduced in a lithography step may 
cause a short between two adjacent conducting paths, a break in the path or 
may only alter effective device dimensions (e.g . affect the W j L ratio of a 
MOSFET). Faults may be classified as either structural faults, which are 
changes in the topology of the circuit or electrical diagram, that represents 
an Ie, or performance faults , in which the Ie topology remains 
unchanged, however, circuit performance (e.g ., speed or dissipated power) 
falls outside of some set of allowable tolerance limits. Performance faults 
can be further divided into two classes: soft-per formance faults and 
hard-per formance faults. If an Ie is functionally correct (e.g. in a digital 
circuit, all state transitions occur in the proper order and the output pattern 
is the correct response to a given input pattern vector) but some 
performance measure (e .g. signal delay) lies outside of the specified range, 
we say a soft-performance fault has occurred. If an Ie does not function 
properly (e .g. some state transitions do not occur) or some performances are 
orders of magnitude from the desired values, we say a hard-performance 
fault has occurred. 

Structural faults require some further elaboration. While some deformations 
will not alter the structure of an Ie under no bias, or very small bias 
conditions, for other values of De bias a short between two conducting 
paths can occur. As an example, consider the lateral diffusion in two 
parallel interconnect lines. Due to the expansion of depletion layers of the 
p-n junctions, there might be an equivalent short between these two lines 
under some bias conditions. On the other hand, some geometrical variations 
may introduce new parasitic elements (such as overlap capacitances) which 
do not necessarily cause an Ie to be defective. Therefore, structural faults 
are best defined in terms of changes in the equivalent De circuit diagram 
under worst case bias conditions. 

This fault classification scheme is illustrated in Fig. 1-9. The bottom of the 
figure shows our classification of physical phenomena which cause yi eld loss 
while in the upper part of the figure, classification is based upon effects 
(performance faults , structural faults). Note that each phenomenon can be a 
cause for a variety of faults. However, some of the relations (solid lines) 
depicted in Fig. 1-9 dominate. For instance, all global effects are primarily 
responsible for all soft performance failures while point defects are primarily 
responsibl e for structural failures. 
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Figure l-g: Classification of IC failures and process deformations . 

1.4. Measures of Process Efficiency 

As discussed above, the inherent fluctuations in an IC fabrication processed 
above, that cause variations in circuit performance so that not all of the 
chips that are manufactured actually meet all of the design specifications. 
We define the manufacturing yield as the ratio of the number of chips that 
successfully pass all of the selection steps in the process to the total number 
of chips that begin the fabrication process. Thus manufacturing yield is a 
measure of process efficiency . Since manufacturing yield is affected by both 
the parameters of the design (e.g . layout) as well as the parameters of the 
manufacturing operations themselves (e .g. control and disturbances) , it is 
desirable to be able to predict yield during the design process, as well as 
estimate yield during the manufacturing process. By being able to predict 
yield during the design process, it may be possible to adjust the design to 
improve yield . Similarly during manufacturing, if the estimated yield is low, 
changes in the process which increase yield may be possible. Thus we are 
motivated to develop techniques for yield estimation and prediction. 
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1.4.1. Yield Estimation 

Before we begin our discussion of yield estimation 
introduce the following notation (see Fig. 1-10) : 

it IS convenient to 

• N is the maximum number of IC chips that can possibly be 
fabricated on W production wafers, assuming an ideal 
manufacturing process; 

• Ww is the number of wafers that have reached probe selection 

tests; 

• N w is the number of IC chips on W w wafers; 

• N p is the number of chips that have reached final selection step; 

• N F is the number of chips that have been classified as fault-free 

after the final selection step; 

• N[ is the number of chips that have been rejected from the 

process during the in-line selection step; 

• NCH is the number of chips that have been rejected from the 

process in the probe selection; 

• N[C is the number of chips that have been rejected during final 

selection; 

• Ns is the number of test structures measured m the probe 

measurements; 

• NT is the number of test structures classified as correctly 

fabricated. 

We can now formally define a variety of yield estimates. As will be discussed 
later, each of these estimates are useful in assessing the efficiency of different 
parts of the manufacturing process. 
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Figure 1-10: Flow of Ie chips in the manufacturing process. 

1. The manufacturing yield 

* NF 
y=­

M N 

is a measure of an overall process efficiency. It indicates overall 
manufacturing performance _and is a basic figure in evaluating 
manufacturing economics and planning manufacturing strategy . 

2. The probe yield 

* Np 
y = ­

p N 

describes the efficiency of the wafer processmg operations 
including probe measurements . 

(1.9) 

(1.10) 
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3. The wafer yield 

• Ww ¥ = ­w W (1.11) 

which can also be expressed as: 

• Nw 
¥ = ­w N 

is a measure of the quality of the wafer fabrication operations. 
It is the percentage of manufacturing wafers that have reached 
probe test . In practice, the majority of wafer rejections is due to 
human errors or equipment failures. Therefore, wafer yield is 
primarily a measure of the quality of process supervision. 

4. The final testing yield 

• NF 
Y = ­

FT N 
p 

is the percentage of Ie chips that passed final test. Note that 
some Ie chips are rejected from the process due to assembly and 
packaging errors and functional defects that were not detected 
during probe selection . 

5 . The probe testing yield : 

• Np 
Y =­

PI N w 

is a measure of wafer fabrication efficiency. For the case of new 
products, probe testing yield shows whether a fabricated Ie was 
designed to match the manufacturing line capabilities. For 
correct designs, the probe testing yield is the best indicator of 
the process instabilities . 

(1.12) 

(1.13) 

(1.14) 
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6. The processing yield 

is a measure of the discrepancy between the performance of the 
process and desired process parameters described in terms of 
model parameters of the Ie elements. The processing yield is 
used to determine manufacturing line stability. 

(1.15) 

It should be stressed that Nw,Np,NF,NcH,NIC,Ns ' and NT are 

random and, of course, have jpdf's determined by the relations characterized 
by Eqs. Eq. (1.1) to Eq. (1.8) and therefore are related to D, L, and C as 
well as to the testing conditions. Thus by careful analysis of the values of 
yields defined above one can the perform process diagnosis, which can be 
viewed as estimating D, as well as evaluating the quality of process-design 
tuning which can lead to the corrections in Land C . 

1.4.2. Yield Prediction 

Note that evaluation of each of the yield estimates defined above reqUIres 
the use of actual process measurements and is, therefore, inadequate for 
predicting yield during the design process prior to fabrication. In order to 
predict yield during the design process we need to be able to determine the 
probability that a single Ie chip will not be rejected during fabrication. To 
evaluate this probability it is convenient to introduce the concept of an 
acceptability region. 

Let the n F dimensional vector QF= {qf, ... '~F}T denote all of the 

functional performance measures of interest for a particular design, and the 
np dimensional vector Qp = {qf, ... '~p}T denote all of the parametric 

performance measures of interest for the same design. For a digital Ie, 
functional performance is a measure of the ability to perform some desired 
logical operations. Parametric performance is a measure of the quality of 
the behavior of an Ie. Quantities such as delay, power, input and output 
current, gains, etc. are typical measures of parametric performance. Let the 
nQ dimensional vector Q = {Qp Qp} = {ql' ... ,qQ} (nQ = nF + np) denote 
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all performances of interest . We now define the n F dimensional space S~ and 

np dimensional space S~ to be Euclidean spaces that contain all n F 

functional performances and n p parametric performances, respectively. 

Finally, we define the n Q dimensional per formance space as 

S Q = S~ X S~. We can now define the set of acceptable Ie performances 

as 

AQ = {Q < SQ I each qj isacceptableV j= 1,2, ... ,nQ} ( 1.16) 

Since the performance of an IC is fully determined by either the vector of 
process state variables Xw which represent all of the physical parameters of 

the IC after wafer processing, or the variables L, e , and D, which actually 
define the design, the set of acceptable performances AQ must have its 

equivalent in the nw dimensional space of process state variables Sw . 

Hence, we can define the acceptability region 

(1.17) 

where Q( Xw) symbolizes the dependence of the performance on the process 

state variables . In other words, the acceptability region is defined by a set 
of process state variables that assure the desired performance of the 
fabricated IC . Note that this region, unlike the selection regions, is not 
dependent on the method by which IC measurements, or measurement 
conditions, are defined. 

Now using the concept of the acceptability region we can define design yield 
, y, as the probability that the IC performs all functions correctly. Such a 
probability can be expressed as: 

where fw( xw) is jpdf associated with the random variable Xwand 

{
I, V xw< Aw 

g( xw) = 
0, otherwise 

(1.18) 

(1.19) 
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Equations Eq. (1.18) and Eq. (1.19) can also be expressed as the integral: 

(1.20) 

where the integration is taken over all values of Xw€ Aw' 

Design yield can also be expressed in the process disturbances space SD' 

which is an Euclidean space that contains all of the process disturbance 
given in the vector D . We define the acceptability region in space SD as 

follows. For specific values of the variables C and L , denoted by Cf' and 

LO, a disturbance vector 8 will be in the acceptability region, that is denoted 

by AD(Cf',LO), if FvJ,.Cf',LO,8) €Aw where Fwis defined by Eq. Eq. (l.1). 

In other words, there exists, for a given LO and Cf' , in the space of process 

disturbances a set of disturbances A D( CO ,L 0) , which will not cause the 

performance of an IC to be unacceptable. This set can also be viewed as the 

projection of the acceptability region Awonto the space SD. Hence, we can 

express design yield as 

y= J fD (b) db 
AD(Co,Lo) 

(1.21 ) 

where fD(8) is the jpdf which describes D. 

The design yield, as defined in Eq. (1.18) and Eq. (1.19) or Eq. (1.21) is 
difficult to evaluate, because in general it is not possible to derive an 
analytic expression that relates IC performance to the disturbance, layout 
and control parameters. In other words it is not possible to obtain an 
explicit expression for AD(Cf',LO) . Furthermore, some of the components of 

D can only be vaguely defined and only a subset of state variables are 
actually known. However, through an analysis of the basic properties of the 
process disturbances, as was carried out in the previous section we can 
develop techniques for evaluation of design yield. 
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1.4.3. Decomposition of the Design Yield 
Equations 

29 

We may view AQ the acceptability region as being composed of the set of 

functionally acceptable per formance8 

A~ = { Q l S~ I each ~is acceptable V j = 1,2, ... . ,nF} (1.22) 

and the set parametrically acceptable per formance8 

A~ = {Q l S~ I each q~is acceptable V j= 1,2, .... ,np } (1.23) 

Existence of two different types of performance leads us to consider two 
types of acceptability regions: one which assures functional correctness of the 
IC behavior, and another one, which assures acceptable quality of 
performance. Specifically, in the space of process state variables Sw' we can 

define the functional acceptability region, 

( 1.24) 

and the parametric acceptability region 

(1.25) 

Consequently, in the space of process disturbances SD' assuming a given L O 

and 00, we can define equivalents of functional and parametric acceptability 
r egions as sets of disturbances which do not cause the IC to have incorrect 

functionality or poor quality . We denote these sets by A~(oo,LO) and 

A~(oo,LO), respectively . Thus, we can define the functional yield as : 

Y FUN = J fD(8) d8 
A~( CO , Lo ) 

(1.26) 

where as before f D( 8) is the jpdf describing 0 , and the parametric yield as: 
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( l.27) 

which are probabilities that the IC is correct functionally and that its 
performance characteristics are within some desired limits. 

Decomposition of the design yield into parametric and functional 
components provides an opportunity for significant simplifications in 
evaluating design yield. This becomes evident if we note that, since 

A~ (C", LO) contains those process disturbances t.hat do not disturb 

functional correctness of the IC, then (1 - Y roN) can be estimated by 

searching for the complement of A~ (C" , LO) , i.e . determining the set of 

process disturbances that cause structural failure and/ or hard performance 
faults only. Thus, estimating (1 - Y roN) we have to take into account such 

defects as dislocations, spot and point defects, stacking faults, oxide 
pinholes, etc., which cause structural changes in the connectivity of an IC 
but are local in nature. As a consequence, YFuN , as defined by Eq. (l.26), 

may be approximated by Y~N given by: 

( 1.28) 

where f D'( 8') IS the jpdf of d, which describes only the subset of D that 
, 

characterizes local processing defects. By dealing with D, instead of D , we 

do not need to evaluate Ie performance in order to determine A~(C", LO) 
because process disturbances that cause structural changes in the 
connectivity of an IC can be found by analyzing the layout of the IC and 
the statistical characterization of the local defects only. In particular to 
determine A~( C",LO), we need only investigate the critical area of a layout, 

i.e. that area an IC which is vulnerable to the occurrence of a point or spot , 
defect . Hence, Y roN can be estimated by using one of a number existing 

geometrical approaches [79]' [106], [107], [129], [106]' [87], [9], [66], [68]. 

Computation of parametric yield is also simplified using this decomposition 
due to the fact that a single spot or point defect, if it does not change the 
circuit connectivity, usually does not affect the quality of IC performance. 
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So, local defects can be discarded from consideration when computing 

parametric yield. Hence, A~(c<',LO) can be estimated in the subspace of SD' 

denoted by SD", that contains only global deformations, such as mask 

misalignments and lateral edge displacements. The effect that these 
disturbances have on IC performance can be effectively modeled [65] and 
[83] . Hence, parametric yield: 

(1.29) 

n " where f D "(8 ) is the jpdf which describes D , can be estimated. In fact , it 

is exactly this type of yield that is usually used as the objective function for 
yield maximization [23]' [90]' [24], [7], [120], [91], [13], [55], [3], [116]. We 
discuss this further in Chapter 2. 

1.5. Discussion 

In Section 1.4.1 , we introduced a number of yield estimates and methods for 
yield prediction. Experimentally-based yield estimates are useful for 
evaluating the efficiency of different parts of the IC fabrication process and 
can be used to diagnose the cause of yield losses. In this section, we discuss 
the relationships between these estimates in order to facilitate an 
understanding of the physical meaning of each estimate. We then illustrate 
how this information may be used to analyze a manufacturing process and 
relate it to production cost. 

1.5.1. Relationships Between Manufacturing 
and Design Yields 

• As we indicated above, the manufacturing yield Y M is a good measure of 

the overall efficiency of a fabrication process. Observe that manufacturing 
yield can be viewed as the product of three other yield estimates: wafer yield 
y~, probe testing yield y~, and final testing yield Y* FT: 

y* = 
M (1.30) 
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By evaluating and comparing the values of these three factors, we can 
identify the principal reason for a low yield in a manufacturing process. We 
will return to this point when we analyze manufacturing cost. 

The manufacturing yield Y~ is typically close to the design yield, Y 
However, in reality, Ie chips cannot be tested for all possible faults (in other 

words, the test coverage will always be less than 100%) and therefore, Y~ is 

always an overestimation of Y 

(1.31) 

Observe that both testing programs (probe and final) are typically arranged 
in such a way that the parametric tests are grouped together and functional 
tests are grouped together. If we estimate the yield components from these 
selective measurements, these estimates should be close to the estimates 
derived in the previous section. However, due to the fact that in an 
evaluation technique we strictly separated fault types, the values obtained 
from measurements will be less than theoretical estimates . Similarly, 
because this strict separation of faults does not actually occur in reality, the 
actual yield Y will be less than the calculated product of the parametric and 
functional yields: 

(1.32) 

Finally, if the acceptability region in terms of device parameters is properly 
established, the processing yield YpRO defined in terms of test structure 

measurements, should be approximately equal to the parametric yield YpAR: 

( 1.33) 

Hence, design yields can be used to predict or derive bounds for some 
manufacturing yields. In general, however, design and manufacturing yields 
have been defined for different purposes, and therefore, the accuracy of yield 
prediction should not be evaluated in terms of a simple comparison with the 
manufacturing yield . 
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1.5.2. Examples of Yield Analysis 

The above discussion attempts to present a unified framework for yield 
estimation and prediction. However, in the past, much simpler approaches 
to yield estimation and prediction sufficed. For example, for some types of 
circuits, it is well known that the manufacturing yield is strongly correlated 
with the density of spot defects. Therefore, estimation of functional yield 
has been reported to be adequate enough to predict manufacturing yield for 
such products as static and dynamic RAM memories. On the other hand, 
experience with bipolar IC's may lead to the conclusion that spot defects 
play an insignificant role as far as yield is concerned and that estimation of 
parametric yield is adequate to predict manufacturing yield. We wish to 
emphasize that while such simplified approaches to manufacturing yield 
prediction are possible in certain instances, they are generally unrealistic for 
VLSI technology. 

To see this we consider three specific examples of VLSI chips: a moderate 
size CMOS gate array, a high-precision bipolar operational amplifier, and a 
large (e .g. 256 kbit) NMOS dynamic RAM . We consider the primary causes 
of yield loss for these IC's and illustrate the importance of various yield 
estimates. To compare the dominating failure modes and the main causes 
for yield losses in these IC's, we present the following figures. According to 
our previous classification, we have divided failure modes into two groups: 
structural and performance. The causes for failure have been divided into 
geometrical and electrical, and each of these is divided into global and local. 
To provide additional insight into the yield loss mechanisms in these IC's, 
we also specify which yield components (for both manufacturing and design 
yields) are affected the most . 

A CMOS gate array is an example of an IC where high manufacturing yield 
is quite common. Due to relaxed layout design rules and very conservative 
design of functional blocks, soft performance failures are perhaps the most 
common. One of the main reasons for yield loss is an excessive signal delay 
due to long interconnections. Hence, estimation and prediction of 
parametric yield seems to be the only yield related problems of importance 
in the design and manufacture of gate arrays . Fig. 1-11 illustrates the 
relation between faults and disturbances for this type of circuit. 

For the case of bipolar op amps, which are relatively small size IC's, yield is 
primarily sensitive to vertical effects due to relaxed layout design rules. 
More specifically, in bipolar IC 's vertical impurity distributions almost 
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Figure 1-11: Yield sensitivity of a CMOS gate array . 

exclusively determine the important device parameters such as current gain 
coefficients and resistances, and hence op amp performance. Thus, as 
summarized in Fig. 1-12, the wafer yield loss is primarily due to global 
variations in impurity profiles, such as improper junction depths and 
excessive emitter dip-effect. These faults are typically detected by junction 
depth measurements and may lead to rejection of wafers or even entire lots. 
Variations in impurity profiles and surface quality is also one of the most 
important reasons for a low probe testing yield. Other reasons include such 
local defects such as diffusion spikes or pipes which may led to shorts 
between emitter and collector regions, or creation of regions with 
significantly reduced base width that are susceptible to second breakdown 
effects. Soft performance faults can be also caused by mismatch in device 
parameters caused by Iinewidth variations due to lithographic processes. 
Observe that, in this type of IC, final tests are almost identical to probe 
tests, so that the percentage of chips rejected after final assembly should be 
extremely small. Also note that , for this case, test structure measurements 
can be used efficiently to diagnose the op amp failure modes, and therefore, 
the processing yield is quite similar to probe testing yield . Finally, as 
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suggested in Fig. 1-12, parametric yield losses due to device parameter 
variations are more significant than functional yield losses. Therefore, it is 
critical to "center" the op amp design (see a discussion of design centering 
in Chapter 2) to make it less sensitive to the inherent process fluctuations. 
Hence, for the design and manufacturing of advanced bipolar circuits, both 
parametric and functional yield estimates may be required. 
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Figure 1-12: Yield sensitivity of an operational amplifier. 

The relation between yield losses and the causes of such losses, for a large 
dynamic RAM is illustrated in Fig. 1-13. Of course, the manufacturing 
yield of such an IC is much lower than yield which can be achieved for the 
IC's discussed above. The dominating failure mechanisms for such VLSI 
circuits are also different. In order to achieve the density required to 
implement large dynamic RAM's, minimum device sizes and very aggressive 
spacing rules have to be employed. This results in large yield sensitivity to 
spot defects. Thus, structural failures that are caused by spot defects are 
the dominant factors which degrade yield. Usually these faults are detected 
by probe tests, and are either repaired, if there is sufficient redundancy on 
the chip, or the chips are rejected to avoid costly assembly operations. Thus 
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Figure 1-13: Yield sensitivity of a large dynamic RAM. 

probe testing yield losses have been marked in Fig. 1-13 as the most 
significant. It has to be noted, however, that an Ie of such complexity is 
sensitive to practically all process steps and global variations introduced in 
the process. Therefore during memory fabrication, careful in-line testing is 
performed to detect excessive variations in etching, wafer deformations or 
ion contamination. Hence, some wafers are rejected during the process and 
wafer yield is affected. Another interesting failure mode is soft parametric 
failure due to insufficient speed in either the write or read cycle. This 
failure can be caused by either excessive interconnect parasitics or incorrect 
device parameters {such as transconductance} . In very fast dynamic 
memories, this failure mode seems to be very important. Hence we see that 
for the case of advanced memory circuits most types of process disturbances 
can contribute to yield loss and for effective design, as well as 
manufacturing, all types of failure modes and yields have to be considered. 

Again, the above discussion has been presented to illustrate the point that 
while it has been the case that in less advanced technologies , or where there 
are relaxed design rules, yield losses are dominated by a single mechanism 
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and a simplified approach to yield analysis can be employed. However, for 
VLSI circuits yield is determined by multiple phenomena. Therefore, an 
approach to yield analysis that combines various yield estimation methods is 
unavoidable. 

1.5.3. Yield and Production Cost 

The yield measures introduced in this chapter have been typically used for 
yield maximization purposes. The oldest and most practically sound 
approaches were experimentally-based and have been applied for 
maximization of both manufacturing and probe yields. Yield improvements 
have been achieved by changing process controls, IC layout or minimizing 
variability of the process disturbances . Although a complete discussion of 
these approaches is beyond the scope of this chapter, it is important to note 
their limitations. Specifically, these approaches attempt to improve process 
efficiency using yield as the sole criterion and thus overlook overall 
manufacturing process strategy. In fact, process efficiency has to be viewed 
from a wider perspective than just yield maximization. To see this consider 
the fabrication cost minimization problem. 

The objective of an IC fabrication process is 
working IC's within some given time period . 
must be fabricated at minimal cost . 

to produce a given number of 
To maximize profit, these IC's 

Naturally, the higher the 
manufacturing yield, the lower the production cost per chip. However, since 
yield does not take into account the time and cost associated with 
manufacturing operations, nor the constraints on the number of chips that 
have to be manufactured within certain time period, it is not sufficient to 
predict costs . In fact, any cost function should include such factors as a 
penalty for not meeting the demand for a specified number of chips and the 
cost of operation and maintenance of the fabrication equipment, in addition 
to yield. These considerations are even more complicated if the cost of 
rework of selected manufacturing steps is taken into account. Such a 
complex cost function is necessary to perform a rigid statistical quality 
control and cost minimization process. However, since our goal here is to 
demonstrate the relationship between the production cost per chip and 
manufacturing yield, we will restrict our a ttention to much simpler 
expressions for the cost function . 

To derive an expression for the overall cost of manufacturing W wafers 
(each of which contains N chips), we have to take into account the cost of 
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fabricating the chips that went through the entire fabrication process (up to 
the final selection tests) as well as the cost of fabricating those chips (or 
wafers) that were rejected at intermediate inspection points. We note that 
the cost, 01' of producing the (W-Ww) wafers that are rejected during 

wafer processing is 

(1.34) 

* where Ow is the cost of a wafer and Op is the equivalent processing cost per 

wafer taking into account that wafers may be rejected at different stages of 
the wafer processing phase. Since it is more convenient to carry out an 
analysis in terms of chips rather than wafers, 01 can be expressed 

equivalently as : 

(1.35 ) 

where the costs are specified on a per chip basis. 

Similarly, the cost of producing the (Nw - N p) chips that are rejected after 

probe test, 0Z' is given by: 

(1.36) 

where C PI is the probe testing cost per chip and C p is the actual cost of 

wafer processing operations (including material cost, and equipment 
operation cost and maintenance) per chip. 

Finally, the cost of producing the N p chips that reach final test, 03' is given 

by: 

( 1.37) 

where: cFT is the cost of the final test per chip and C A IS the overall 

assembly cost per chip. 

Hence, the entire cost of manufacturing N chips is equal to: 
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c= Np(cFT + C A + Cp]'+ cp + Cw ) + 

Np N W * 
Nw(i- --)(Cp]'+ cp + CW ) + N(l---)(cp + CW ) 

NW N 
(1.38) 

Note that only N F out of N p chips are faul~free and can be sold to 

customers. Therefore, the overall cost, C, divided by the number of good 
chips, N F' is a good measure of fabrication process efficiency and should be 

the quantity which is to be minimized: 

(1.39) 

The above equation indicates that while the cost per good chip decreases if 
the manufacturing yield increases, the problems of cost minimization and 
yield maximization are not equivalent. For example, if the wafer yield loss is 
critical, better process management and supervision are necessary. If the 
probe yield loss is a concern, more stringent wafer rejection criteria based 
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upon in-line measurements should be imposed (i.e ., more adequate quality 
control system is necessary). Finally, if the yield loss during final test is 
significant, one of two conditions is present: either the fault coverage of the 
probe tests is not sufficient or the assembly operations have not been 
performed correctly. In the first case, the probe testing program has to be 
expanded, in the latter case, assembly operations have to be modified. 

The transition from this cost function to profit maximization is trivial, since 
the profit per chip can be expressed as the difference between the market 
value of the Ie chip and the cost of fabricating the chip. Hence, even such 
simple considerations can be useful for market analysis, production planning 
and scheduling. However, as we stated in the beginning of this section, 
additional factors such as the time required to satisfy demand for a 
particular chip and the penalty for not meeting the demand should enter 
profit considerations. 

The above discussion indicates that maximization of individual yield 
components does not necessarily lead to an improvement in overall process 
efficiency. It is also important to note that to realistically solve the 
production cost minimization problem, a general framework for viewing 
process efficiency, such as presented in this chapter, is necessary. 

1.6. Overview of the Sequel 

In this chapter we have presented a framework that is useful for viewing the 
manufacturing yield of VLSI circuits. We have reviewed and classified the 
disturbances that cause yield loss as well as the effects that these 
disturbances have on performance. A number of yield measures that are 
useful both during the design and manufacturing processes have been 
defined and we have established relationships between these yield measures. 
Finally, we related yield to manufacturing costs for the purpose of providing 
a common denominator for the discussion of manufacturing process 
efficiency. 

We now draw some general conclusions. The most important of these are: 

1. The random phenomena that occur in an Ie manufacturing 
process must be taken into account during the design and testing 
phases of Ie realization. Towards this end, the basic physical 
nature of such random phenomena have to be investigated and 
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modeled in order to provide process and circuit designers with 
adequate information about process instabilities. 

2. Both functional and parametric yields are important when 
determining process efficiency. While it has been the case that 
for some classes of circuits, one of these has dominated, in VLSI 
circuits we can not, in general, make such simplifications without 
exploring the principle causes of yield losses. 

3. Both the IC manufacturing process and the IC design should be 
optimized with respect to a fabrication efficiency that can be 
expressed in terms of appropriately defined yields. 
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In the next chapter we introduce a technique that can be employed for 
maximizing parametric yield. This method is based upon approximating the 
region of acceptability with a polytope. By using such an approximation, 
the yield maximization problem becomes a linear program. 

Evaluation of parametric yield during the design process relies on the ability 
to predict the effects of process disturbances on device parameters. In 
Chapter 3 we describe the simulator FABRICS which takes as input a set of 
process controls and device layout, and generates device model parameters 
compatible with the device models implemented in SPICE. To obtain 
accurate simulation, FABRICS II must be "tuned" to a particular IC 
fabrication process which requires the determination of a set of process 
disturbances. The program PROMETHEUS that accomplishes this task is 
also described. Finally, a complete system that can be used for process 
synthesis, called the Process Engineer's Workbench, is described. 

Given the ability to simulate the fluctuations in the manufacturing process, 
it is possible to address a variety of issues. Hence, in Chapter 4 we 
introduce efficient methods for statistical timing simulation and worst case 
analysis. We also describe a method for optimizing the yield for minicells. 

Chapter 5 considers the prediction of functional yield. A simulation tool 
that employs Monte Carlo method to determine the effect of spot defects on 
IC layout is discussed and used for yield estimation and redundancy 
analysis. We also describe a technique that evaluates the probability of 
failure caused by global deformations of the layout combined with spot 
defects effects. With the above models, it is possible to develop design rules 
that can maximize functional yield. 
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We conclude in Chapter 6, with a discussion of how the various tools and 
techniques introduced into the first five chapters can be used to develop a 
computer-aided manufacturing system. 



Chapter 2 
Parametric Yield Maximization 

2.1. Introduction l 

As indicated in the previous chapter, parametric yield is a function of the 
nominal values of the process controls and or the layout. Thus we can 
consider choosing a nominal design point that maximizes the number of 
circuits which meet a given performance specification. This approach to 
yield maximization is called design centering. Prior to 1977 , Monte Carlo 
methods [48]' [28], albeit crude and expensive , ha d been the t echnique 
primarily used for design centering. Bandler et at. [61 then proposed a 
design centering procedure that was directly related to classical nonlinear 
programming methods [331 . This approach was based upon selecting for 
each individual problem , a scalar objective functional which when 
minimized, inscribed a hypercube in the II feasible region II R of the 

n-dimensional parameter space. 2 However, the nonlinear programming 
approach does not attempt to approximate the boundary of the feasible 
region, but only determines points on this boundary. As will be seen below, 
an explicit approximat ion of the boundary of the feasible region is useful for 
solving a variety of other statistical design problems [89, 121 , 16] as well as 
allowing one to obtain a Monte Carlo estimate of the yield at a reduced 
computational cost. 

lThis section is based upo n the paper "The Simplicial Approximation Approach to Design 
Centering" by S. W. Director and G. D. Hachtel, IEEE Transactions on Circuits and Systems, 
Vol. CAS-24, No.7, pp. 363-372, July 1977. 

2The feasible region, or region of acceptability, R, is an n-dimensional subspace of the 
parameter space P which contains all points PEP which result in circuits that meet the desired 
specifications. 
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The simplicial approximation approach is a simple, efficient method for 
design centering that constructs an approximation to the feasible region and, 
therefore, is particularly well suited for maximizing the yield of integrated 
circuit designs . Specifically, the simplicial approximation method is based 
on explicitly approximating the boundary, aR, of the feasible region, R, of 
an n-parameter design space by a polyhedron made up of n-dimensional 
simplices3 . Approximation is necessary since aR is generally known only in 
terms of nonlinear inequality constraints that express acceptable circuit 
performance in terms of voltages and currents which depend implicitly upon 

the design parameters.4 It is assumed that the constraint functions are 
locally convex , i.e. , that the sequence of points generated on aR are extreme 
points of a convex set . The case where this assumption is violated involves 
mathematical representation of a nonconvex polyhedron, but can still be 
handled, as indicated below . 

The simplicial approximation approach may also be generalized to directly 
solve a variety of statistical design problems such as worse-case tolerance 
assignment problems with arbitrary (e.g . asymmetrical and/ or mixed 
independent and joint) distributions, and mixed worst-case and yield 
maximization problems. The latter problem arises when some of the design 
parameters are statistical in nature while other parameters, such as power 
supply voltages, are worst case. In other words, the circuit is required to 
operate satisfactorily for all values of power supply voltages within some 
interval. Such generalization will be considered after the basic technique has 
been introduced . 

2.1.1. Definitions of Yield and Design Center 

In the remainder of this chapter we assume that the network under 
consideration obeys a set of differential-algebraic equations of the form 

g(~, ~ ,x,t)= O, (2.1) 

3Butler , i n 1161. was o ne o f the first to try a nd a pproximate the feasible regio n, however he 
was interested in graphical displays of the region and therefore approximated only projections of 
t his reg;on onto two dim ensional subs paces. 

4It is important to re cognize that determination of the voltages or currents in a ci rcuit for a 
given set o f des ign parameters requires a complete cir cuit s imulation , i.e. , the solution of a se t 
of n onlin ear differential- a lgebra ic equations. 
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where e is a vector of node voltages, branch voltages, and branch currents 
and x is an n-vector of statistically varying parameters (for example process 
controls, layout parameters, or process disturbances) with a joint probability 
density function (jpdf). 

(2.2) 

More will be said about the choice of design parameters in Sec. 2.5 where Ilx 

is the mean value of x and E is the covariance matrix. 5 Further, let X 
x 

denote the n-dimensional parameter space so that x E X. We will consider a 
circuit with parameter values x to be acceptable if the solution e( t) of 
Eq. (2 .1) obeys a given vector of nc constraints, whose components are 

defined by 

rtf . 
<P/x)= 10 ¢>,.(e,e ,x,t) dt :'S 0, i=1,2, ... ,nc (2.3) 

In addition the parameter vector x is assumed to lie between some lower and 
upper limits, or box constraints 

(2.4) 

Note that the constraints <Pi depend on x implicitly through the solution e(t) 

of Eq. (2.1) as well as through its role as an explicit argument of the <P .. , 
The set of constraints defines the region of acceptability R. In Chapter 1 
we denoted this region by Ax' However, for the presentation in this 

chapter, this notation is more convenient. 

R={xl<P/x) :'S 0, for all i E [1,2, ... ,nJ and xl :'S x :'S XU} (2.5) 

Note that R is closed, and is bounded if the limits in Eq. (2.4) are finite. Of 
particular interest will be the boundary of R, denoted by oR and defined by 

5Until stated otherwise, we assume that all design variables are normally or log normal 
random variables and all disturbances are characterized in terms of deviations of the designable 
parameters from their nominal value. 
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oR={XI<I>(X) ::; 0, xl::; X ::; Xu, and <l>j= O, (2.6) 

l U f .} or Xj=Xj' or Xj=Xj' or some t 

The yield associated with some nominal design point, J1 x = X 0 is 

Y prob {x E R)=j r ... jf (x,X ,E ) dx JR x 0 x 
(2.7) 

where the integration in Eq. (2 .7) is over the entire feasible region R. 

The purpose of design centering can now be stated as that of choosing the 
nominal values Xo of the designable parameters so that yield Y is maximum 

for a given distribution f (X, X , E). Since, in general , the distributions x 0 x 
are known and fixed, the design centering problem can be defined to have 
two clearly delineated phases , namely 

1. determination of the feasible region R and the design center, and 

2. evaluation of the yield integral Eq. (2.7). 

2.1.2. Design Centering By Simplicial 
Approximation 

The method of simplicial approximation is based on approximating the 
boundary oR of the feasible region R by a polyhedron , i .e., by the union of 
those portions of a set of n-dimensional hyperplanes which lie inside oR or 
on it . The procedure begins by determining any m 2: n+l points, xl' x2 

. . . xm on the boundary oR. Usually m is taken to be either n + 1 or 2n. 

One way to find 2n points is by first finding a feasible set of designable 
parameters inside R and then performing one-dimensional line searches in 
t he positive and negative coordinate directions. The initial feasible point 
can be obtained either by designer insight or through the use of an 
optimization program. Given a set of m points on R, the convex hull 
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(polyhedron) of these points is then constructed. 6 The convex hull IS 

characterized by the set of m H inequalities 

k=1,2,· · . ,mH (2.8) 

where TJ is a unit "outward pointing," vector normal to the kth hyperplane 
defined by 

k=1,2,· .. ,mH (2.9) 

and bk is a measure of the distance of the kth hyperplane from the origin. 

Moreover, the convex hull of the set of points Xj' j= 1,2, ... ,mH 

approximates BR in an interior sense. That is, under our assumption of 
convexity of R, every point interior to these boundary of hyperplanes is also 
inside BR. 

Given the first approximation to BR we can find a first estimate of the 
design center by determining the center of the largest hypersphere which can 
be inscribed inside the polyhedron of defined by the m H hyperplanes 

described by Eq. (2.9). The center of the largest hypersphere which can be 
inscribed within this polyhedron can be found quite easily using a linear 
programming approach. First recognize that the distance from a point x* 
inside the polytope to the kth hyperplane is 

(2.10) 

Therefore the center and radius of the largest hypersphere can be found by 
determining the maximum value of r and the point x* for which 

k=1,2,· .. ,mH (2.11) 

6The convex hull can easily be constructed by considering the hyperplanes defined by 
combinations of the m boundary points taken n at a time. All hyperplanes which have all 
boundary points to one side are part of the convex hull. There are more efficient procedures to 
determine the convex hull, however since this step is performed only once in the entire 
procedure, efficiency is not of prime importance here. 
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This linear program is the dual of the following standard (primal) linear 
programming problem. Minimize the objective function 

subject to the constraints 

1]1 f]3 '1m 
H 

! ! ! 

1 1 1 

Al 

\~ 

A mH 

o 

o 

1 

(2.12) 

(2.13) 

and Ak 2: 0 for all k. The primal form of this linear programming problem 

is more desirable because the number of unknowns is less than the number 
of constraints. Any standard linear programming computer subroutine can 
be used to solve Eq. (2.12) and Eq. (2.13) and as a byproduct yield the 
results of the dual problem, i.e., the radius r and center x* of the largest 
inscribed hypersphere. 

It is important to recognize the fact that the computational effort required 
to determine the convex hull of a set of boundary points and then inscribe a 
hypersphere in this convex hull is usually considerably less than the 
computational effort required to perform a nonlinear transient circuit 
simulation. In fact, it is reasonable to assume that the computational cost 
of performing a circuit simulation far exceeds the computational cost of 
solving any linear program or of performing any of the matrix-vector 
manipulations required by this method. 

The next step in the design centering procedure is to improve the simplicial 
approximation to 8R and then update the design center. This step is 
accomplished by determining which of the m H "faces" of the polyhedron 
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(i.e., which of the m H truncated hyperplanes defined by Eq. (2.9)) that are 

tangent to the largest inscribed hypersphere is the -largest. N The largest 
tangential face is of particular interest since it is the one which is most 
likely to be the poorest approximation to BR. The faces of the polyhedron 
which are tangent to the largest inscribed hypersphere are those associated 
with the ·zero slack variables" used in solving the linear program (see 
Eq. (2.12) and Eq. (2.13)) . The largest tangential face is defined as the face 
in which the largest (n -I)-dimensional hypersphere may be inscribed . 

The procedure for finding the largest hypersphere which can be inscribed in 
a face of the approximating polyhedron is only a slight variation of the 
linear programming procedure outlined above for finding the largest 
hypersphere inscribed in the polyhedron itself. Suppose we wish to find the 
largest hypersphere inscribed in the jth face of the polyhedron. The center 
of this hypersphere, denoted by x .*, must be on the )th hyperplane so that 

J 

(2.14) 

Now let 1]. denote a unit vector perpendicular to 71, i .e., 
J ) 

(2.15) 

Thus 1] . ..1 lies in the jth hyperplane and the surface of a hypersphere of 
) 

radius r . centered at x . which lies in the )th hyperplane is described by 
) ) 

..1 
x*+r" . 

j j') (2.16) 

The largest such hypersphere is the one with as large an r. as possible 
) 

subject to the constraint that all points on the surface of this hypersphere lie 
within the approximating polyhedron, i.e., they satisfy the constraints 

for k=I,2, . . . ,mH; k""'j (2.17) 

which can be shown to be equivalent to the constraints 

(2.18) 
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where if> jk is the angle between 11k and l1i Thus the linear program to be 

solved is to determine x* and maximize r subject to Eq. (2 .15) and 
Eq. (2 .18) . Note that Eq. (2 .15) can be expressed as 

and 

T • -".x < -b . . ') - ) 

(2 .19) 

(2.20) 

so that this linear program is the dual form of the following standard 
(primal) linear programming problem. 

Minimize the objective function 

mH+l 

<P= L bk)..,k 

k= l 

subject to the constraints 

sinOli sinO;:!i 0 

X 

11m 
H 

! 

sinO 
mHi 
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)..,~ 

= 

A 
mH+l 

(2 .21) 

- Ilj 
(2.22) 

! 

0 

0 

0 
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and '>-k 2: 0 for all k. Note that in Eq. (2.21) bm +1 = - bi 
H 

The above procedure is repeated for each tangential face, the largest face 

being the one with the largest inscribed hypersphere? Once the largest face 
is determined, a one-dimensional search is made in the outward normal 
direction, starting from the center of the largest inscribed hypersphere in 
that face, for a new point on the boundary. This new point is then added to 
the set of boundary points previously found and a new convex hull is 

found. 8 Thus our approximation to oR has been improved and a new design 
center can be found. The entire procedure can then be repeated. 

2.1.3. Design Centering Procedure 

The proposed design centering procedure , illustrated for two dimensions In 

Fig. 2-1, is as follows. 

Step 1 

Step 2 

Step 3 

Step 4 

Determine a set of m 2: n + 1 points on the boundary, 
DR. 

Find the convex hull of these points and use this 
polyhedron as the initial approximation to DR. Set k = O. 

Inscribe {using the linear program Eq. (2.22)) the largest 
hypersphere in this approximating polyhedron and take as 
the first estimate of the design center the center of this 
hypersphere . 

Find {using the linear program Eq. (2 .12)), the "mid­
point" of the "largest" face in the polyhedron which is 
tangent to the inscribed hypersphere . 

7 In general, for an n-dimensional parameter space , there will be n + 1 tangential faces. Thus 
there are about n + 1 linear programs that must be solv ed, which is much fewer than if the size 
of all the faces of the polyhedron had to be found. 

8Determining the new convex hull at this point requires two steps. First, all faces of the 
original polytope for which the defining inequality Eq. (2.8) no longer holds when the new 
boundary point is considered, must be deleted. Next hyperplanes formed by combinations of 
(n - I) points taken from the set of points which define the deleted faces and the new boundary 
point are tested to see if all boundary points are on one side. If this test is passed, the 
hyperplane is part of the convex hull, if not it is ignored. 
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4 

oR 

(0 ) 

4 

Figure 2-1: Illustration of simplicial approximation. 
(a) Initial polyhedron defined by points (1 ,2,3) and breaking 
the largest face (2-3). 
(b) The resulting polyhedron after four inflation iterations. 

Step 5 Find a new boundary point9 on oR by searching along the 
outward normal of the "largest" face found in step (4) 
extending from the "midpoint" of this face. 

Step 6 Inflate the polyhedron by forming the convex hull of all 
previous points plus the new point generated in step (5). 

Step 7 Find (using the linear program Eq. (2.12)), the center p~ 

and radius r ~ of the largest hypersphere inscribed in the 

new polyhedron found in step (6). Set k = k + 1. Go to 
step (5). 

gIt can occur that the largest face actually lies in (JR. We test for this case , and if it occurs, 
the race is flagged, and never again considered as a candidate for step (4) . In this case, step (4) 
is repeated using the next largest face. 
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Step (5) in the above procedure is key since it involves a line search along a 
given direction . Each step in this search involves first solving the circuit 
equations Eq. (2.1) and then evaluating the constraints Eq. (2 .3) and 
Eq. (2.4) to see which, if any, are violated. The search ends when point xB 

is located for which 

(2.23) 

The above procedure will rapidly generate a sequence of points whose convex 
hull forms an interior polyhedron, oRr which approximates oR. Step (7), 

the process of inscribing the largest hypersphere in oRr can be used as a 

means of monitoring the convergence of oRr -+ oR. If R is convex, as per 

our assumption , the sequence of centers {x~} will converge to the center of 

the largest hypersphere that can be inscribed in oR, and the associated 

sequence of radii , {r~}, will converge to the radius of the largest inscribed 

hypersphere . This sequence is considered to have converged when 

(2 .24) 

where € Rand € A are given relative and absolute convergence parameters. 

Convergence is expected on the basis of the following. 

Theorem 1 

1. Let r~ be the radius of the largest hypersphere inscribed in a 
k 

polyhedron oRr formed from n + 1 + k points on a convex 

surface oR in n-space . 

2. Let rk + 1 be the radius of the largest hypersphere inscribed in a 

polyhedron oR ~+l formed by applying the inflation step of the 

design centering procedure to oR~ , then 

(2.25) 
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3 . Further, if the outward normals to the faces of aR~ are not 

parallel and if the inscribed hypersphere is tangent to only n + 1 
faces, then 

(2.26) 

Note that condition 3 of Theorem 1 is not restrictive in practice because if it 
is violated, a finite number of passes through the design centering procedure 
will cause condition 3 to be satisfied. For example , if two tangential faces 
are parallel, breaking the largest face may not allow the sphere to grow. 
However, upon reapplication of the procedure often enough (no more than n 
reapplications are ne~essary), then one of the parallel faces will eventually be 
broken. Thus we have the following. 

Corollary 

(2 .27) 

Assume that there are no unsuspected surface pathologies which would cause 
the simplicial approximation process to converge to some limit inside aR. 10 

Then it would follow from the above theorem and corollary that the 

approximating simplex aR~ would, as k --+ 00, fill aR like a ball being 

inflated by an air pump. Theorem 1 can be proven by observing that the 
new polyhedron contains the old polyhedron . The corollary follows from the 
fact that if two faces are parallel, breaking one of them destroys this 
relationship. 

A word about the computational effort required to use the above procedure 
is in order . Our basic premise is that this procedure is to be used in 
situations where the number of statistically varying design parameters is 
small compared to the number of the algebraic-differential equations that 
need to be solved in order to determine circuit behavior. This situation is 
common for the design of integrated circuits where the variations in circuit 

lOTheorem 32 of [27[ shows that the above procedure will produce a convergent subsequence 
as k --+ 00. Theorem 33 of [27[ shows that oR can be approximated by a polyhedron to 

arbitrary accuracy. However , we have as yet no proof that aRk --+ aR as k --+ 00. This has not 
been a problem in practice. 
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parameters are related to the variations III a much smaller number of 
processing parameters. For these cases, the dimensionality of the linear 
programs that are solved in the above procedure is relatively small when 
compared to the dimensionality of the circuit simulation problem. Thus the 
time spent in generating and inflating the convex hull is small when 
compared to the time involved in performing a transient simulation of a 
large nonlinear network. Based upon the above reasoning the most 
expensive operation in the above procedure is the search in step (5) to find a 
new boundary point. Therefore the search step must be efficient. 

Before leaving this section we note that with each interior approximation 

oR; may be associated a yield 

(2.28) 

where R; is the volume in n-space bounded by oR[k, i .e, the kth-interior 

approximation to R. Note also that since oR; consists of interior bounding 

hyperplanes 

(2 .29) 

where Y is computed over the true feasible region R. That is, the interior 
simplicial approximation gives a lower bound on the yield. Moreover 
calculation of this yield requires only generation of random sets of 
parameter values and determination of the number which fall inside oR!, 
i.e., only a Monte Carlo analysis on the input space is required: no 
multitude of circuit simulations is necessary. (For further discussion of 
these ideas see [23].) 

2.1.4. Scaling: Inscribing a Hyperellipsoid 

If the design centering procedure outlined in the previous section is 
employed when the region of acceptability is rectangular in shape, the best 
possible results may not be obtained. For elongated regions of acceptability, 
it would be more appropriate to determine the design center by inscribing a 
hyperellipsoid rather than a hypersphere. Fortunately this result is easily 
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obtained by merely scaling the parameters prior to employing the design 
centering procedure. One scheme for scaling, which has proven to be 
successful, is based upon using an estimate of the spreads in possible 
parameter values. We now describe this technique. 

Assume that the mth step of the design centering procedure has been carried 
out and that n + m+l boundary points {xk}, k=1,2,··· ,n+m+l have 

been found. The lower and upper bounds of each parameter are now 
determined 

L 
{x ik } (2.30) X.= mm , 

k 
and 

U 
{x,k} X.= max , 

k 

for i = 1,2, ... ,n where x ik is the ith coordinate of the kth-boundary point. 

The scale factor for the ith component of the parameter vector is given by 

i=1,2, .. . ,n 

and a scale matrix is defined 

A scaled set of boundary points are now defined 

II 8-1 x k = x k ' k=I,2, ... ,n 

(2.31 ) 

(2.32) 

(2.33) 

and steps (3) and (4) of the design centering procedure can be carried out as 
before using the set of points {x k} ' Observe though that the radius of the 

largest hypersphere, ~, found in step (3) can be unsealed to give the "radii," 
or axis lengths, of a hyperellipsoid 

i=1,2, ... ,n (2.34) 

which can be thought of as being inscr~bed in the unsealed polyhedron 
defined by the points {x k }. Similarly, if C denotes the design center of the 
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scaled problem found in step (3), the design center of the unsealed problem 
IS 

1\ c=sc (2.35) 

This interpretation of C as the center and the r i as the radii of a 

hyperellipsoid comes about by recognizing that in the scaled problem the 
largest hypersphere of radius ~ and center [) is characterized by the locus of 
points ~ for which 

or 

i= l 

n (p .-cl 
L IS"I 

.r 
i=l I 

(2.36) 

1 (2.37) 

In terms of the unsealed space, Eq. (2.37) is the equation of a hyperellipsoid. 
Note that r i is not the distance between the design center C and the ith face 

of the polyhedron (as it would have been without scaling) but the distance 
from the design center to the surface of the hyperellipsoid along the ith axis. 

Clearly the results of the above procedure are dependent upon the scaling. 
It is suggested that once the design centering procedure has converged, the 
lower and upper bounds on the parameters be redetermined, considering now 

all the boundary points of 8R7+1, and the scaling adjusted. The design 

centering procedure should then be repeated to ensure that a good nominal 

point had been found .ll 

llNote that all boundary points previously found as well as the approximating polyhedron 
can be rescaled and used as the starting approximation here. Thus, in general, little additional 
work will be required to repeat the design centering procedure. 
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2.1.5. Illustration of the Basic Method 

To illustrate the design centering algorithm as described above, consider the 
three transistor NAND gate circuit of Fig. 2-2. In order that we may 
graphically illustrate the steps in the procedure, we consider only three 
designable parameters: the width WI of the load device TI, the width W 23 

of the input devices T2 and T3 (both T2 and T3 have the same width), and 
the threshold voltage, VI" of the three devices (the same for all three). The 

lengths of all three devices are held fixed. Therefore we have two geometric 
parameters and one processing related variable to adjust . 

-6.5 

(0) 

C55 

L-_-+-I f--. SUB 

(b) 

Figure 2-2: (a) Two input NAND gate used in the design centering 
example. 

(b) The FET model used: JDS = Gm(VaS - V T)2W / L above 

pinch-off and JDS = G m V DS(V as - V T - V DS/2)W /L below 
pinch-off, where W is width and L is length of device. 
Capacitances are functions of Wand L: Cas = (L + a)Wj3; 

Cao = aWj3; CSS = (W Ii + 8)€; where a, 13, '/ and € are 

constants. 

There are three constraints that must be satisfied in order for the circuit to 
be considered acceptable: the total area A, occupied by the three devices 
must be less than 2500 mils2; the delay time, TD (i.e., the length of time 

between which the input passes through - 3V and the output falls through 
- 3.25V) must be less than 110 ns, and the output voltage Vo' be greater 
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than - 0.7V when the gate is on. In addition we have the following box 
constraints on the parameters 

5.0 ~ WI ~ 50.0 (microns) (2 .38) 

50.0 ~ W23 ~ 250.0 (microns) 

and 

(volts) (2 .39) 

The feasible starting point is WI = 12, W 23 = 230, and V T = - 1.2 . For 

this set of parameter values, A = 2490, Tp = 73.8 and Vo = - 0 .558. 

The first step in the procedure is to find six points on the boundary of t he 
feasible region by searching in the positive and negative coordinate 
directions. The six points found, and the associated constraint, values are 
shown in Table 2-1. The constraints that are satisfied exactly are framed. 
In two cases , the box constraints on VT were the limiting constraints . 

W1 W23 VT A TO Vo 

12.85 230 1.2 112bUUI 68.5 -0.6 
8.28 230 1.2 2442 I 110 1 -0.395 
12 231.1 1.2 125001 73.8 -0 .555 
12 180.7 1.2 1989 70 I -0.7 I 
12 230 I 2 I 2490 78 .7 -0.631 
12 230 I 1 I 2390 72.8 -0.543 

Table 2-1: Initial Boundary Points . 

A sketch of the initial approximating simplex defined by these boundary 
points is shown in Fig. 2-3. The x axis corresponds to W / 4.6 , the y axis 

corresponds to VT' and the z axis corresponds to W23/ 50.3 . The scaling was 

determined by the initial spread in parameter values as determined by the 
coordinate searches above. The axes emanate from the "center" of the 
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body. (Note that this figure represents a perspective drawing and does not 
necessarily display the actual relative size of each face.) The first estimate 
of the design center, based upon the first approximating simplex, is 
WI = 11.4, WZ3 = 219, and VT = 1.32. The radii (i .e., axis) of the largest 

inscribed ellipsoid (i.e., unsealed sphere radius) is 1.1 for WI' 11.7 for WZ3' 

and 0.23 for Vr In other words, given this design center, acceptable circuits 

would be obtained for a deviation of 9.6 percent in WI if WZ3 and VT were 

kept fixed, a 5.3-percent deviation in WZ3 if WI and VT were kept fixed and 

a 17.4 percent deviation in VT if WI and WZ3 were kept fixed. Note that 

since a hyperellipsoid is being inscribed in the region of acceptability, and 
not a hypercube whose sides are twice the maximum deviation, there is no 
guarantee that acceptable circuits will result if two or more parameters 
deviate maximally from the nominal. 

Figure 2-3: Initial (scaled) approximating polyhedron to region of 
acceptability for the NAND gate example. Axes emanate from 
an estimate of design center. 

The next step involves searching for a new point on the boundary starting 
from the center of the largest face and proceeding in an outward normal 
direction. A new polyhedron is then constructed using this new point and a 
new estimate of the design center made. Fig. 2-4 shows the new polyhedral 
approximation. This procedure is repeated until no increase in the size of 
the inscribed hypersphere is possible. The final approximating polyhedron is 
shown in Fig. 2-5. The final design center is WI = 10.6, WZ3 = 209, and 

VT = 1.47; and the radius of the inscribed hyperellipsoid is 2.2 for WI' 24 for 
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W23 and 0.47 for VT Acceptable circuits would be obtained even if there 

was a 21 percent change in Wi if W23 and VT were kept fixed, a 11.5 percent 

change in W23 if Wi and VT were kept fixed, and a 32 percent change in VT 
if Wi and W23 were kept fixed. Hence, the design centering procedure 

increased the allowable tolerances of the design able parameters by a factor 
of two over the value quoted above for the first computed design center 
(which was itself an improvement over the initial feasible point) . 

Figure 2-4: Resulting polyhedron when largest face of polyhedron 1Il 

Fig. 2-3 was broken . 

Figure 2-5: Final polyhedral approximation . 
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2.2. Design Centering and Worst Case Design 
with Arbitrary Statistical Distributions12 

We now generalize the basic simplicial approximation method so as to be 
able to directly solve a variety of statistical design problems such as worst­
case tolerance assignment problems with arbitrary distributions and mixed 
worst-case and yield maximization problems. In what follows it is assumed 
that all statistical parameter distributions have equal variance or spread. 
No loss of generality is incurred by this assumption, and we show how 
differences in variance may be handled by appropriate scaling of the norm. 
We also assume that the feasible region of the statistical design problem is 
convex. Thus any point which lies inside the simplicial approximation is a 
feasible point. 

We begin our generalization of the simplicial approximation method in the 
next section by showing how norms can be associated with probability 
density functions in a natural way. The concept of a norm body is 
introduced enabling us in Section 2.2.2 to consider design centering for the 
case of arbitrary statistical distributions. 

2.2.1. Norm Bodies and PDF Norms 

In general, for arbitrary joint statistical distributions in n dimensions, a 
level contour on the surface of the pdf defines a closed body. In what 
follows, we consider only distributions where this closed body is well 
approximated by a convex body. To any such convex body we can associate 

a norm n{x) with the properties13 

1. n(x) ~ 0 for all x 

2. n(x + y) ~ n(x) + n(y) 

12This section is based upon the paper 'Yield Maximization and Worst Case Design with 
Arbitrary Statistical Distributions', by R. K. Brayton, S. W. Director and G. D. Hachtel, IEEE 
Transactions on CirCtlits and Systems , Vol. CAS-28, No. g , pp. 756-764 , Sept. 11180. 

13Generally a norm, n(x), has the property that n(ax) = [a [n(x), sometimes termed an 
absolute or equilibrated norm. In this paper the term norm denotes a larger class of functions 
in which n(x);;tf n( - x) necessarily [114[. This means that asymmetrical distributions can be 
allowed in what follows. 
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3. n(ax) = an(x) for a > O. 

In particular, the 2-norm 

whose level contours are n-spheres, can be used to characterize the 
contours of an n-dimensional, equivariant, joint normal distribution 
mean xo' by defining the surface 

The associated closed convex body is defined by 
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(2.40) 

level 
with 

(2.41) 

(2.42) 

Figure 2-6: (a) Illustration of the level contour for a 2-dimensional 
equivariant, joint normal distribution . 
(b) Projection of a level contour onto the parameter space. 

and is illustrated for two dimensions in Fig. 2-6. Similarly, the max (or 
infinity) norm 
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n (x)=llxll = max {lx.1} 
00 00 . I 

I 
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(2.43) 

which corresponds to an n-cube, can be used to characterize the level 
contours of an n-dimensional, equal width, joint uniform distribution with 
a mean of xo' by defining the surface 

n (x-x )=r 
00 0 

(2.44) 

The associated closed convex body is defined by 

(2.45) 

and is illustrated for two dimensions in Fig. 2-6. A norm which is used to 
characterize the level contour of a jpdf is referred to as a jpdf-norm and 
the convex body associated with this norm will be referred to as a norm 
body [114]. 

In addition to the concept of norm bodies as defined above, we will need the 
concept of a dual norm. Associated with each norm n(x) there is a 
corresponding dual norm n*(x), [114], defined by 

n*(x)= max{ifxln(y) :s I} 
y 

(2.46) 

While in general Eq. (2.46) is an optimization problem with a linear 
objective function and nonlinear convex constraint, it is well known that if 

(2.47) 

the dual norm is 

• 
n (x)=lIxll p q 

(2.48) 

where 

1 1 
- + -= 1 (2.49) 
p q 
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In other words, the dual norm of the 2-norm is the 2-norm, while the dual 
norm of the max- (or infinity) norm is the I-norm 

n 

Ilxllj= 2::lxjl (2 .50) 
j=l 

and vice versa. Furthermore, for the case of an arbitrary norm body, we 
can approximate the norm body itself by a simplicial approximation, in 
which case Eq. (2.46) reduces to a linear program. 

Of key importance in the development of the algorithm for the yield 
maximization procedure described in Section 2 .1.3, and generalized below, is 
the ability to compute the distance from a point to a hyperplane in any 
arbitrary norm. The distance in norm n(x) from a point x to a hyperplane 
rr, is defined by [58] 

d (x,rr) = min {n(y-x)IYE rr} n (2.51) 
y 

The following theorem establishes that d (x,rr) is linear in x thus making it n 
possible to easily extend the yield maximization procedure described earlier 
so as to handle arbitrary norm bodies. 

Theorem 2 (Normed Distance to a Hyperplane) 

Let n(x) be a norm of x and n*(x) be the corresponding dual norm of x 
defined by Eq. (2.46). Then the distance in n-norm from point Xo to 

hyperplane rr == {xl,l x = b} is 

d == d (x ,rr) = o n 0 
(2 .52) 

where 

'Y=(b-r/x )/ Ib-,lx 1= sgn (b-r/x ). a a a (2.53) 
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Proo f: We assume first that b-r?x > o. Define 
0-

Then 

or 

13= max {f7Ty ln (Y-x) :S d) 
y 

d = o 

max 
y-x o 

It is, therefore, sufficient to show that 13 = b. 

(2.54) 

(2.55) 

(2 .56) 

Assume that 13 > b. Let y* denote the maximizer of Eq. (2 .54). Choose 
0< A < 1 such that f7T(AxO + (1- A)y*) = b. Then 

sInce AXo + (1 - A)y* E 1T", this contradicts the fact that do = min 

{n(y- xo),yE 1T"} . Conversely, assume that 13 < b. Let y* be such that 

n(y* - Xg) = do'Y* E 1T". Then f7Ty* = b > 13 and n(y* - xo) :S do' 
contradicting the fact that 13 is the maximum such value, thus 13 = b. 

Next assume that b - f7TXo < o. Replace b by Ib and n by 1f7 and note that 

1T" is unchanged by this. Using the first half of this proof we obtain 

d= 
o n*hv) 

(2.58) 
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2.2.2. Generalized Simplicial Approximation 

Let us define the norm body 

(2 .59) 

By equating this norm body with the set contained by the level contour of a 
joint probability density function for the statistically varying parameters, 
we once again approximate the yield maximization problem by the problem 
of inscribing the maximal norm body inside the feasible region: 14 

maximize r 
xo,r 
subject to the constraints 
B(xo,r)CR. 

(2.60) 

As we have done earlier, we transform this problem to a computationally 
tractable problem by employing the simplicial approximation to R: 

i=1,2, ... ,n f} (2.61) 

Specifically, we have a linear programming problem of the form 

maximize r (2.62) 
xo,r 
subject to the constraints 
dn(x o,7r) ~ r, j-1,2,··· ,nf,xo E R 

where 7r. is the jth hyperplane of the simplicial approximation defined by 
) 

l4It may be that as r changes, we would want to change the norm used to approximate the 
level contours of the pdf. This may have to be done if the level contours are radically different 
for different level values. However, there are many jpdf's (e.g., normal or uniform) where 
different level contours are similar and associated with the same norm . Since design centering is 
only an approximation to the yield maximization problem, we need only require that the largest 
norm body imbedded approximates a level contour of the jpdf within some allowed error. 
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T 
'1 .x=b. 

J J 
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(2.63) 

Clearly, if dn(s,7r) ~ r, and Xo E R, then B(xo,r)~R. Using Theorem 2 this 

can be written as the linear program 

maximize r (2 .64) 
xo,r 
subject to the constraints 

'1TX +rn*('1.) < b , j 1,2,'" ,n! 
J 0 J - J 

Observe that if n(x) = Ilxll2, so that n*(x) = IIx1l2' we are inscribing an 

n-sphere in Rand Eq. (2.64) reduces to the linear program derived in 
Section 2.1.2. Similarly , if n(x) = IIxlloo, so that n*(x) = IIxIlI' we are 

inscribing n-cubes in R . 

After solution of the linear program Eq. (2.64), we can further refine the 
approximating polytope R as was done earlier. Specifically, begin by 
determining which of the n! faces of R touch the inscribed norm body. This 

information is obtained by examining the slack variables associated with the 
linear programming solution procedure. Those constraints for which the 
slack variables are zero correspond to the touching faces. Of the faces which 
touch we choose the largest (in volume) and search in an outward normal 
direction from this face to find a new point on oR. The approximating 
polytope R is then inflated to include this new point as a vertex. The above 
procedure can then be repeated to determine a new maximum yield point . 

To this juncture we have assumed that the statistical parameters have equal 
variances or spreads. In the event that the variances or limits of the 
statistical parameter distributions vary in a given problem, an additional 
step must be taken in the aforementioned procedures. This step amounts to 
a scaling of the n-dimensional parameter space with an n X n nonsingular 
scaling matrix T. Equivalently, one can scale instead the norm itself, as 
may be seen from the following: 

Corollary 

Let x be interior to the convex hull Eq. (2.61) and let n{x) and n-Jx) be 
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norms satisfying n~x) = n(T- Ix). Then 

(2.65) 

and the distance in nT norm from point x to hyperplane 11" = {xi,lx = b} is 

(2.66) 

where "I == sgn(b - rlx). 

The proof of this corollary IS similar to the proof of Theorem 2 and IS 

omitted. 

Thus a yield maximization problem with differing limits or variances of the 
statistical parameters may be brought into the framework developed above 
by defining a scaling matrix T and using the corresponding scaled norm . 
More specifically we define the norm body: 

so that with scaling the yield maximization problem is 

maXimIze r 

xo,r 
subject to the constraints 
BT (xo,r)~R 

(2.67) 

(2.68) 

The correspondjng linear program which results from usmg the simplicial 
approximation R for R is 

maXImIze r 
xo,r 

subject to the constraints 
dn (x o,11") 2: r, j - l,2,··· ,nf'xoER 

T 

(2.69) 
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or, from the above corollary 

maximizer (2 .70) 
xo,r 
subject to the constraints 

r/x +rn*(rTJ.) < b., j 1,2, '" ,n! 
J 0 J - J 

Figure 2-7: Examples of maximum norm body inscription in a polygon. 
The dotted line shows the effect of a typical inflation step, 
which expands the polygon to include the point x as a vertex. 

Fig. 2-7 illustrates the result of inscribing several different types of norm 
bodies in the simplicial approximation. Observe that if an inflation step 
were to be taken the approximating polygon would expand as shown by the 
dotted lines . Note that asymmetrical, polygonal, and/ or covariant (i.e. 
rotated by a nondiagonal scaling matrix 1') norm bodies are easily handled 
by the present theory, as are degenerate (not of full dimensionality) norm 
bodies such as the horizontal line in Fig. 2-7 . 

2.2.3. Mixed Worst-Case Yield Maximization 

An important situation that arises in many types of designs is one in which 
some of the parameters are statistical in nature with given joint jpdf's and 
others are worst-case parameters , i.e., the circuit must work for all values 
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of the worst-case parameters which lie within some interval. A typical 
problem of this type is a circuit which is required to operate for all values of 
some power supply voltage within a specified range and over some range of 
temperatures . Thus power supply voltages and temperature are worst case 
parameters. In this section we describe a procedure for handling this 
situation . 

Assume that of the n design parameters, nw are worst case and ns are 

statistical. It is convenient to partition the parameter vector x as follows: 

x = [:] (2.71) 

where w is the nw-vector of worst-case parameters and 8 is the ns-vector of 

statistical parameters. We can thus view the n-dimensional parameter space 
X as the Cartesian product of the n-dimensional worst case parameter space 
Wand the ns-dimensional statistical parameter space S. The parameters w 

are subject to worst-case interval restrictions which, in general, can be 
expressed as 

(2.72) 

Typically , WI is an orthotope (i.e., a tolerance box), in which case 

(2.73) 

A given circuit is acceptable if the constraints on circuit performance 
Eq. (2.3) are satisfied, i.e., 

i= 1,2, ... ,nc (2.74) 

for all wE Wr Thus the feasible region is 

(2.75) 

An alternate statement of acceptable performance is obtained by defining 
the functions 
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<P.(s) = max 
I WEW 

I 

<P .(w,s) , 
I 

i=1 ,2, . . . ,nco (2.76) 

Thus acceptable performance is given by all s for which 

i=12 . .. n , , 'c (2 .77) 

and the feasible region can be described in the space S by 

i=1,2, .. . ,nc}. (2.78) 

---- - -~--r---------~ 

w-

Figure 2-8: A mixed worst-case yield maximization problem with solution 
so' the midpoint of the interval Rx Rs is the feasible region 

projected onto the subspace of statistical parameters. 

Fig. 2-8 illustrates Rs for the hypothetical 2-dimensional case of Fig. 2-7. 

Given this definition of the feasible region we could employ the procedure of 
Section 2.1.3 to find a simplicial approximation RS to Rs and use the 

procedure of Section 2.2.2 to obtain a maximum yield point. However, this 
approach is burdened by the fact that each step in the procedure requires 
the solution of the worst-case problem Eq. (2.76) . Thus an alternate 
approach is needed. Towards this end we state the following. 

Theorem 3 

Assume that the region of acceptability R as given by Eq. (2 .75) IS convex 



DESIGN CENTERING AND WORST CASE DESIGN 73 

and that the region 

T T 
R= {(w,s)I1)· w+ 1). s < b o j 1,2,'" ,nf} 

)W )S - ) 
(2 .79) 

is an interior simplicial approximation to R, i.e. , 

RCR. (2.80) 

(Note that the outward pointing normals, 1). have been partitioned as 
) 

l = (1)~."l)). Let <P(s) be defined by Eq. (2 .76) . Then 
) )yy )8 

Rs= {slls < b .-l w _no (1). )} 
)S -) )W 0 w")W 

(2.81) 

is an interior simplicial approximation to R as defined by Eq. (2.78) where 
S 

Wo is any point interior to Wand 

x 
n (x)-min{ala > O, -+w EW} W a 0 

Proof: We need to show that RsC Rs' Suppose that s* E Rs so that 

or 

b T * T ·-Tf· s -Tf · w 
))S )W 0 

n*(1).) 
w" JW 

> 1, j = 1,2, .. . , n f 

(2.82) 

(2.83) 

(2.84) 

The left-hand side of Eq. (2.84) can be interpreted as the distance of the 
point Wo from a hyperplane 7r {SO) measured in the n norm where 

) W 

T T 
7r(s*)= {wITf · w= b ·-Tf·s*} J JW) ) 8 

(2 .85) 

which is the jth hyperplane 
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T 
T] .x=b . 

J J 
(2.86) 

restricted to the subspace 8 = 8*. Therefore, Eq. (2.84) is equivalent to 

Since Eq. (2 .87) holds for all j, the convex body 

Rn{xI8=8*}. Thus for any 8*ER8 and 

<P j (W,8*) ~ O,j= 1,2, ... ,nc which implies that 

max <P( W,8*) ~ ° 
wEW 

or that 8* E Rs' 

(2.87) 

W[ is contained in 

wE lV, we have 

(2.88) 

Theorem 3 enables us to solve the mixed worst-case yield maximization 
problem by first determining a simplicial approximation to the feasible 
region in the full parameter space by the usual method, and using it to 
determine the simplicial approximation R of expression Eq. (2.81). Given 

B 

R B, the procedure of Section 2.2.2 could be used to maximize the yield. 

More specifically, we have the following linear program. 

maximize r 
8 

j 1,2"" ,n! 

(2.89) 

Note that Eq. (2.81) - Eq. (2.89) apply independently of the choice made for 
the S-space norm ns or the tolerance region Wr However, if W[= WB (see 

Eq. (2.73)), and we choose: 

w = ~ (wl + W U) 
o 2 

and 

1 U I 
T B = 2" ( diag (w -w)) 

(2.90) 
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then we get the special case 

- 1 ( 21w·1 ) n~w) == noo(TB w)= max u I I 
w.-w. 

I I 

and from Eq. (2 .65) 

n 
1 W u I 

n*(I1· )=n1(TBI1 · ) = -"(w.-W·)I(I1· )·1 W~ ~ 2~ I , ~I 
i=1 

Therefore, the linear program Eq. (2 .89) becomes 

maXimIze r 
S 

so,r,s 
subject to the constraints 

n 
W 

I1T 8 + r n*(I1. ) < b.-" max {(1}. )wl,(I1. ) .w~} 
JS 0 S S JS - J ~ JW I I JW I I 

i = 1 

75 

(2 .91) 

(2.92) 

(2.93) 

Several comments are in order. First, the solution that results from 
Eq. (2.89) or Eq. (2.93) is very much dependent upon the simplicial 

approximation R, as illustrated in Fig. 2-9. The vertical line w = wI of 
Fig. 2-9 establishes the lower (circled corners) boundary of the projected 
feasible region Rs. Thus when the simplicial approximation is inflated by 

the addition of the point x, Rs expands , and its center 80 descends to a new 

level 8 0 , Thus in practice the approximation R should be updated and the 

process repeated as indicated earlier. Second, it is possible that the right­
hand side of the inequality constraints in Eq. (2.93) can be negative, in 
which case r. will be negative which indicates that Eq. (2 .93) does not have 

a feasible solution. Such a situation can result for one of two reasons: (1) 
either the worst case constraints are too severe to allow for a solution, or (2) 
the simplicial approximation R to R is too crude and needs further 
refinement. These cases can be illustrated with Fig. 2-7, which was 
described previously. In Fig. 2-7, let us now regard the vertical dimension 
as the S space and the horizontal dimension as the W space. For the 
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inscribed rectangle the radius r 8 is positive, but for the inscribed straight 

line norm body r a is zero. If the required worst-case interval is longer than 

the inscribed line in Fig. 2-7, the radius ra would be negative. However, m 

this case the refinement of the simplicial approximation illustrated in 
Fig. 2-7 would lead to a positive radius on the next iteration. 

Figure 2-D: Illustration of the dependence of the solution So of the mixed 

worst-case yield maximization problem on the simplicial 
approximation R. AB R improves as an approximation to R 
by the addition of the point x, So decreases to level so' 

Finally, consider the special case in which ns= 0 and W[= WE' which IS 

the classical worst case analysis problem of determining if, for a fixed set of 
tolerances, whether or not the corresponding nwcube fits inside the feasible 

region. In this case the above formulation provides a significant savings in 
computational effort. Whereas the usual procedure would require testing for 
feasibility of each of the 2nw vertices of the nwcube, all we need to do is 

determine whether or not the right hand side of the inequality constraints of 
Eq. (2.93) are positive. 

2.2.4. Tolerance AssignInent 

The basic idea behind the yield maximization procedure described above was 
to inscribe a maximal norm body inside the feasible region. The norm body 
had a fixed aspect ratio, defined by the scaling matrix T (see Section 2.2.2). 
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We can view the tolerance assignment problem as a generalization of the 
yield maximization problem in which the aspect ratio of the inscribed norm 
body is allowed to vary so as to minimize an auxiliary cost function 

Crt) [48, 89] . To see this, let tT = (t 1,t2, ... tn) be the vector of component 

tolerances, T= diag(t) a diagonal matrix, and assume that Crt) is a 
decreasing function of t so that C( at) < C( t) for a > 1. Then the solution 
of the problem 

maximize C(t) 
x o,t 
subject to the constraints 

(Bfxo,I) = {xln(r1(x-x)) ~ l})CR 

(2.94) 

approaches the solution of the tolerance assignment problem as R 
approaches R . Note that as tj increases, the allowable deviation of Xj about 

its nominal increases and the cost of manufacturing component i decreases. 
Furthermore, observe that if all the t j are to be identical, say, equal to r , 

then minimizing Crt) is the same as maximizing r and this problem is the 
same as the problem considered in Section 2.2.2. 

In general Eq. (2 .94) is a nonlinear constrained optimization problem, and 
could be solved by use of appropriate algorithms . However, in this section 
we only consider the special case of inscribing an orthotope, i .e., a tolerance 
box, and show how, using a piecewise linear approximation to Crt), 
Eq. (2.94) can be solved using linear programming. 

It is a natural extension of the ideas of simplicial approximation to 
approximate the cost function Crt) by a piecewise linear function . For this 
we assume Crt) is convex and consider the convex region in the 
(n + I)-dimensional (y,t)-space, {(y,t)ly 2: C(t)}. We then approximate this 
region using the ideas of simplicial approximation by 

(2 .95) 

i.e., we determine a set of points {(yi,ti )} such that yi = C(ti) and then using 
a convex hull algorithm to find the hyperplanes which bound the convex 
hull of these points (the matrix A contains the hyperplane normals) . 
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The piecewise linear approximation to Crt), say Crt), is then given by 

C(t)= min {(y,t)IAT (:) ~ d} 
Thus Eq. (2 .94) is approximated by 

minimize C(t) 
xo,t 
subject to the constraints 
B,J,.xo,l)CR. 

Using Eq. (2.96) , we can rewrite Eq. (2.97) as 

minimize Y 
xo,y,t 
subject to the constraints 

Now we use the Corollary and Theorem 2 to rewrite the constraints as 

(2 .96) 

(2.97) 

(2.98) 

A1(:) ~ d (2 .99) 

b .-r/x > n*('1.), j=I , '" n, 
J J 0- T J 

or 

Ai:) ~ d (2.100) 

r/x +n*(r1] .) < b " j 1, '" ,n, 
J 0 J - J 
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Since rt I x )= max{lt. - [ljx .l} and t > O, then Eq. (2 .97) is equivalent to 1" . & I I 
1 

(using the duality of the I-norm and the oo-norm) 

minimize y 
xo,y,t 
subject to the constraints 

lx + ~ t .171 ··1 < b., j 1, " 
) 0 ~ 1 )1 - J 

. ,nf 

which we recognize as a linear program. 

2.3. ExaIllple of Worst Case Design 

(2 .101) 

We demonstrate the mixed worst-case design procedure by applying it to the 
CSEF "current source driver" circuit of Fig. 2-10. The design objective is 
to make the reference voltage VREF minimally sensitive to statistical 

fluctuations of the design able parameters. Here the "statistical" parameters 
are the resistor parameters PRl, PR2, and R3, and the transistor process 
parameters PIDBG, PRB, PCC. The worst-case parameters are the 
temperature (TC), and the power supply voltages El and E2 . The design 
specifications are 

CSEF DRillER CIRCUIT 

EI 

(PloBG,PRB , PCC) 

TO CSEF 

CURRENT 
SOURCE 

Figure 2-10: A driver circuit for a CSEF logic gate . 
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for any El, E2, TC satisfying 

1.175 :5 El :5 1.250 
2.910 :5 E2 :5 3.090 

50 :5 TO :5 100. 

PARAMETRIC YIELD MAXIMIZATION 

(2.102) 

(2.103) 

That is, we specify that 100-percent yield is required, and seek the nominal 
values of R3, PRl, PR2, PIDBG, PRB, PCC which meet this requirement 
while maximizing the allowable tolerances on these parameters. In this 
maximization, we assume as before that all tolerances grow proportionately, 
that is, the aspect ratio of the tolerance cube is constant. We assume that 
all the design parameters have independent, truncated distributions, but 
make no assumption regarding the shape of the distributions. 

The procedure is initiated by performing line searches in the positive and 
negative coordinate directions, yielding 2n points on the boundary, oR, of 
the feasible region. These points are used to obtain an initial simplicial 
approximation which is an n-diamond truncated by the worst case 
specification planes Eq. (2.103). The dual norms of the face normals of this 
approximation are then computed and the linear program Eq. (2.93) solved, 
with the scaling matrix T set to the appropriate identity matrix. However, 
a negative radius is thus obtained. 

The procedure now undergoes a worst-case space expansion phase of the 
type suggested by the straight-line inscription of Fig. 2-7. However, after 20 
expansions, the radius, rs was still negative. We investigated this situation 

graphically, by plotting (using the multivariate piecewise linear interpolation 
results of [40]) various 2-dimensional cross sections of the approximating 
polygon. This investigation led to the suspicion that the worst-case 
temperature specification was the difficulty. Fig. 2-11 shows the intersection 
of the polygon of the simplicial approximation with a plane parallel to the 
PRI and TC axes which passes through the nominal design. Inside this 
intersecting plane a rectangle is shown, whose height is determined by a plus 
and minus 100-percent tolerance interval on statistical parameter PR1. The 
intersection of this rectangle with the simplicial approximation shows clearly 
the impossibility of obtaining 100-percent tolerance on PR1. A closer look 
at the rightmost and leftmost points of the approximation also shows the 
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unlikelihood of any nonzero tolerance (note the fair degree of refinement at 
the edges of the simplicial approximation). 

ADJUSTMENT OF IMPOSSIBLE 
SPECIFICATIONS 

Figure 2-11: PRI-TC cross section of the simplicial approximation (after 
20 negative-radius expansion steps). 

This analysis suggested relaxation of the worst case temperature 
specification. We found that a relaxation of 5 degrees on either side of the 
worst case interval was sufficient to yield an acceptable solution of the 
problem (cf. the ±20 degree lines of Fig. 2-11). 

To illustrate that temperature was the main difficulty in this design 
problem, we show in Fig. 2-12 the intersection of the PRI-El plane with the 
initial (i.e ., 2n-point) simplicial approximation. Note that if these were the 
only two dimensions of the design problem, an initial value of about 0 .6 
might be expected for Ts' 

2.4. A Dimension Reduction Procedure15 

The basic simplicial approximation method described so far can become 
computationally expensive as the dimension of the parameter space 
increases . In this section we introduce a scheme that may be employed to 
reduce the number of dimensions that need to be considered when employing 
the simplicial approximation method. In what follows we assume that the 

15This section is a modified version of the paper "Dimension Reduction Procedure for the 
Simplicial Approximation Approach to Design Centering" by W. Maly and S.W. Director, lEE 
Proc. Vol 127, Pt. G, No. 6, pp . 255-259, December 1980 .. 
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'22L I ~T 
0.71.~ENTIRE REcT~l 

I FEASIBLE REGION I 
- 020 0 0 0 

a: 1 ! 
a.. -03!:: 0 :t 

~ I 
-08 c:::-: ~ ~ 
-I 3 1-------L.-~.~ 

- 0 .030 - 0 015 O.......,=-~0:-0="'1-::5--~0:-.OL3:-0,-------J 

E,-1212V 

Figure 2-12: PRI-El cross section of the simplicial approximation (after 
initialization) . 

n-vector x denoting our design variables are normally distributed. It IS 

possible to find [52] a linear transformation A such that: 

x = Az (2.104) 

where z is a set of zero mean, normally distributed, random variables with 
unit standard deviation and correlation matrix equal to the identity matrix. 
This transformation, which is an orthonormalization of the random variable 
x, is a typical procedure applied in the method known as principal 
component analysis as described in [52]. Note that since A is a linear 
transformation, we can solve the yield maximization problem in terms of z. 
Furthermore, the components of z do not represent circuit parameters but 
are statistically independent. 

One can show [52] that the contribution of each component of z to the 
variability of x is determined by the eigenvalues of the covariance matrix of 
the covariance matrix Ex' For strongly correlated components of x, which 

is the usual case for monolithic Ie's (e.g. [26] ), a majority of the eigenvalues 
of Ex are small. Hence, only a few of the components of z affect the spread 

of x and thereby influence circuit yield. We are therefore led to the idea of 
determining which components of z are most important in establishing the 
statistical behavior of the circuit and ignoring those components of z which 
do not affect the yield. However, fluctuations in circuit performances are 
dependent on both the variability of x and the sensitivity of the circuit. 
Therefore, the choice of the significant components of z cannot be 
determined using the eigenvalues of Ex' However, the number of the 
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significant components of z, should be close to the number of large valued 
eigenvalues of Ex . 

2.4.1. Design Centering in a Reduced Space 

Consider the yield maximization problem in the space Z: 

max r f (z,Jl ,2: )dz JR Z Z Z 
~z Z 

(2.105) 

where Jl z Ez and Rz are mean, covariance matrix and the regIOn of 

acceptability in the transformed space Z: Z={ z= A - Ixlx E X} respectively. 
The difficulty with this problem is that Rz is only know implicitly in terms 

of z. In the simplicial approximation method , a sequence of polyhedral 
approximations (Hl'H2 · .. ,H) to Rz such that HI CH2C . CH, is 

generated. The yield maximization problem Eq. (2.105) IS then 
approximated by the problem 

y 
max (2.106) 

Finally, the problem Eq. (2.106) is replaced by the problem of inscribing the 
largest hypersphere (which is a level contour of the j.p.d.f f)z)) inside H. 
Observe that in the simplicial approximation method, the approximation H 
is generated independently of the level contours of f{z}. (Note that the level 
contour associated with a joint normal distribution is defined by 

l(r,Jl )= {zln2(z-Jl )= r} 
Z Z 

(2.107) 

where n 2 is the Euclidean norm). By taking into account the radius of the 

level contour and the location of R z' it is possible to determine if there are 

dimensions of the space defined by z that have little or no effect on the 
yield. Elimination of these superfluous dimensions allows us to perform 
design centering in a reduced dimensional space at a reduced cost. We will 
show later that for the case of IC's it is usually possible to significantly 
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reduce the dimension of the parameter space. 

We now describe the dimension reduction heuristic . Let Ho denote the 

initial polyhedral approximation to the feasible region which contains the 
origin of Z. The vertices of Ho are the points of intersection of Rz with the 

positive and negative co-ordinate axes, and can be found by means of one­
dimensional line searches. Let these vertices be denoted by 
zk' for k = ±1,±2 . .. ,±n. Observe that if 

liz ·11 > r ±) 
(2.108) 

for some j = 1,2, . .. ,n , then the level contour l(r,J.I z) is completely 

contained within Ho along the jth co-ordinate axis. Furthermore, if r > 3 

(which is three times the standard deviation in the normalized space) and 
Eq. (2 .107) holds, then reasonable deviations in the jth component of Z are 
likely to have little effect on the yield . Thus, we are motivated to project 

Ho onto the n - 1 dimensional subspace i Z obtained from Z when the jth 

dimension is dropped. We denote this projection by iH and solve the 
problem: 

(2 .109) 

where iz and /z(1z/J.lz/Ez) are equivalents of z and j .p .d.f. in subspace iZ. 

Because of the discussion above, we expect that y" = y . 
max max 

With the above as background we can formalize the heuristic as follows: 

Step 1 

Determine the initial polyhedron Ho in space Z using searches along the co­

ordinate axis of Z to find the 2n vertices, zk,k = ±1,±2, ... ,±n. 

Step f2 

Determine for each j (see the next Section) if 

for j = ± 1,2, ... ,± n (2.110) 
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where Q' > 3 is an arbitrarily assumed value. Drop from Z all dimensions j 
for which Eq. (2.110) holds . 

Step 3 

Continue with the original simplicial approximation procedure III the 
reduced space Z'. 

Note that the space reduction decision is made based on the initial 
approximation of R z' i.e. Ho. The polyhedron Ho does not carry 

information about the entire region Rz. Thus, there exists the possibility 

that use of this algorithm would result in the dropping of some directions of 
Z which might result in significant yield improvement. However, note that 
if Q' is assumed to be large enough, then the sensitivity of the yield with 
regard to the variability of Z along the dropped dimension is small. 
Therefore, it is unlikely that the solution of the yield maximization problem 
of expr. Eq. (2 .105) lies outside of space 2'. 

2.4.2. Discussion 

We have described above an algorithm for solving the parameter space 
dimension reduction problem. The proposed method is especially useful for 
monolithic ICs composed of a large number of elements which are strongly 
correlated. Application of the proposed algorithm presented in [62] indicates 
that the dimensions of the parameter space can be reduced significantly and 
the dimension of the reduced space is associated with the number of 
significant eigenvalues of Ex. 

We expect these results to hold in general because, for monolithic 
technologies, the correlations between circuit elements are determined for 
the most part by the properties of the manufacturing process and should be 
independent of the structure of the circuit and the number of circuit 
elements. Thus we expect that, even for a circuit composed of several dozen 
elements, the dimension of the yield maximization parameter space would be 
of the order of that shown in the example. Hence, solving the design 
centering problem in the reduced space 2' instead of the ordinary parameter 
space X, the simplicial approximation method can successfully be applied to 
a much larger class of ICs. However, note that the benefits of the proposed 
heuristics are dependent on such factors as the shape of Ho and the value of 

Q'. By decreasing Q', we increase the probability that space 2' does not 
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include the solution of the yield maximization problem, Eq. (2.105). Hence, 
the value of Cl' should be chosen carefully. We emphasize again that the 
proposed method was intended as an extension of the simplicial 
approximation method. However some of the features of this method may 
be useful in other approaches to the statistical design of monolithic IC's. 

2.5. Fabrication Based Statistical Design of 
Monolithic IC'sI6 

Consider again the yield maximization problem: 

max r f (z, Il ,L: )dz iR Z x x 
/Jz X 

(2.111) 

where Rx is the region of acceptability. 

To this juncture we have not been very specific about the proper choice of 
designable parameters. In particular, the vector x has been used to denote 
any of the circuit parameters that are randomly varying due to disturbances 
in the manufacturing process, such as resistances and capacitances, threshold 
voltages, transistor {3's. However, the simplicial approximation method 
that has been developed to solve the yield maximization problem is based 
upon the assumptions that 

AI : 

A2: 

It is possible to obtain any desired value of Ilx by means 

of adjusting the process parameters and/ or the layout of 
the IC. 

The covariance matrix, Ex IS independent of the circuit 

and the process parameters. 

Unfortunately, these assumptions are not necessarily valid for integrated 
circuit applications. In particular: 

1. The mean values of some "designable parameters" are not 

16This section is based on the paper • Fabrication Based Statistical Design of Monolithic 
IC 's·, by W. Maly , A.J. Strojwas and S.W. Director, • Proceedings of the 1981 International 
Symposium on Circuits and Systems, pp 135-138, Nov., 1981 
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designable in the sense that they are not necessarily adjustable to 
any solution of Eq. (2.111). For example, the mean value of the 
threshold voltage of an MOS transistor cannot be adjusted to 
any arbitrary value. 

2. In general, the mean values of some "designable parameters" are 
not independent of one another. For example, the mean values 
of the {3's of two n-p-n integrated transistors are strongly 
correlated to one another and cannot therefore be set to 
arbitrarily different values. 

3. The covariance matrix may not be independent of the mean 
values. For example, the mean and variance of the resistance of 
a monolithic resistor are dependent on its geometry . 

87 

We show below that by judicious choice of truly independent designable 
parameters, and an alternate formalization of the yield maximization 
problem, we can develop a method which is more suitable for the design of 
monolithic IC's. A key step in the solution of the yield maximization 
problem will be the ability to simulate manufacturing process. 

2.5.1. Independently Designable Parameters in 
Yield Maximization of Monolithic Ie's 

We wish to determine under what conditions the solution of the yield 
maximization problem Eq. (2.111) is technologically realizable. Assume that 
the manufacturing process and the performance of a circuit can be 
controlled by a set of primary design variables denoted by the vector z 
which are deterministic, physically independent and controllable quantities 
(e.g. temperatures, diffusion times, mask dimensions, etc.). Observe that 
changes in the values of the primary design variables cause the means of the 
random variable x to change, i.e., Il x is a function of z. If the solution of 

Eq. (2.111) is Il opt then it is technologically realizable if there exists a zopt 
x 

such that 

opt 
Ilx = Il (z oPt) 

x (2.112) 

It will always be possible to find a zop! such that Eq. (2.112) holds if the 
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components of the vector Jl = {Jl , Jl , ... } are independent and strictly 
x xl x£ 

monothonic functions of components of the vector z = {zl' ze-''''} ' We call 

any random variable xi' whose mean, Jlx is a strictly monothonic function of 

a primary design variable z, a designable random variable. If the value of 
Jl can be arbitrarily changed while keeping the other components of Jl x x 
constant, then xi is said to be an independently designable random variable. 
Hence, a solution of Eq. (2.111) will be technologically realizable if every 
component of x is an independently designable random variable. 

We now wish to determine which parameters are the primary design 
variables and which parameters are independently designable random 
variables. In order to motivate this discussion consider the following simple 
example. Let wand I be the width and length of a rectangular window in a 
photolithographic mask used to fabricate an integrated resistor. Due to 
imperfections in the photolithographic process the dimensions of this window 
in SiOz are described by random variables Land W, respectively. Assume 

for simplicity that W = w + CJ.F and L = I + CJ.F, where CJ.F is a zero mean 
normally distributed random variable with standard deviation u,jF' One 

can show that if both I and ware much greater than 3u,jF then, F = L;1¥ 

is a normally distributed random variable with mean m F = l/w and 

variance 

17 Z 
F 

(2 .113) 

Furthermore, it can be shown that the actual resistance of the integrated 
resistor is also normally distributed random variable R such that R = F*R8 

with mean JlR and standard deviation u~given by 

(2.114) 

(2.115) 

where R is a normally distributed random variables with mean Jl Rand 
8 8 

standard deviation 17 R which represents the sheet resistance. Thus R is a 
8 
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designable random variable because any specific mean of its resistance can 
be obtained by adjusting the ratio l/w. Moreover, it is an independently 
designable random variable because the mean values of the resistance of the 
different resistors in the circuit can be chosen independently of one another . 
Hence, it would appear that the nominal resistance values of integrated 
resistors could be used as optimization variables for solving the yield 
maximization problem Eq. (2.111). However, since IlR and (jR are dependent 

on each other this choice of variables would violate assumption A2. 

Note that this observation can be extended to all electrical parameters of 
monolithic elements because both the nominal values and higher order 
moments of these electrical parameters are related to the mean and 
variances of the set of mask dimensions, as well as their ratios or window 
areas. (The moments of dimension ratios or areas are dependent of each 
other {e.g. see Eq. (2.115))). Hence none of electrical parameters of 
monolithic elements should be considered as a designable random variable. 

For the examples discussed above, we can choose as optimization variables 
the means of Land W. (L and Ware independently designable random 
variables because ilL = I and Ilw = wand their variances are independent 

of ilL and 1lW' respectively). In general, since any Ie design can be described 

in terms of the mask dimensions, then the mean of the random variable z = 

Il z + LJ.F, representing the dimensions of the Ie elements, which are related 

to the mask dimensions z and imperfections in the photolithographic process 
LJ.F, can be chosen to be an optimization variable in the yield maximization 
problem. (Note that z is a primary design variable as before). Finally, note 
that if among the components of primary design variables are parameters 
controlling the manufacturing process such as times, temperature, etc., then 
the random variable Z should also include the random variables representing 
these quantities (e.g., if t represents the temperature of the oxidation process 
in the description of the process then Z should be extended by the 
component T = t + LJ.T where LJ.T is the inaccuracy in the process 
temperature ). 

2.5.2. Process Simulation and Yield 
Maximization 

Since the components of x cannot represent the electrical parameters of the 
Ie, the yield maximization problem as formulated in Eq. (2.111) needs to be 
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modified. Towards this end let x be as before, a vector of parameters which 
characterize the electrical parameters of the network . Let z be a vector of 
independently designable random variables representing the mask 
dimensions of the elements in the IC and the basic process parameters. The 
circuit equations Eq. (2.1) can therefore be written as: 

g(e,e ,x,t)=O, (2.116) 

C(x,t)=O (2.117) 

where Eq. (2.117) represents a model of the manufacturing process. Using 
Eq. (2.116) and Eq. (2.117) one can define the feasible region Rz in the space 

Z , (z E Z). We can now formally state the yield maximization problem as 

Y = max r f (z, Ii ,2: )dz 
max JR Z Z z 

liz Z 
(2.118) 

where f (z, Ii , E) , Ii , E are the jpdf, means and covariance matrix of Z, z z z z Z 

respectively. Thus by adding to the previous statement of the yield 
maximization problem the constraints describing the manufacturing process 
and properly choosing elements of z, the yield maximization problem for 
monolithic IC's can be solved by the methods proposed in this chapter. 

Observe that, in general, the dimension of z is much larger than the 
dimension of x. (For instance, the number of variables describing the layout 
coordinates of the zigzag resistor is much larger than the number of its 
electrical parameters). Thus, the computational expense of approximating 
the feasible region R Z in the space of independently designable parameters Z 

could be much larger than the computational expense of approximating Rx 
in the space of circuit electrical parameters X. Fortunately, we may employ 
a technique based upon process simulation to alter the statement of the yield 
maximization problem so as to reduce the computational effort. 

Assume that we have an approximation, Rx ' to the feasible region Rx. 
Since the random variable x is dependent on the primary design variable z, 
at least some moments of x are also dependent on z. Let g[m]l(z) and x 

g[SJ!(z) denote those moments of X which are dependent on z, and let g[mJ; 

and E2 denote those moments which are independent of z. The yield 
x 
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maximization problem can then be stated in the following way: 

(2.119) 

Note that any solution of Eq. (2.119) is technologically realizable and 
because we are in a lower dimensional space, the cost of the solution of 
Eq. (2.119) should be less than cost of the solution of Eq. (2.118). Of course 
a key step in being able to solve Eq. (2.119) is ability to simulate the 
manufacturing process. 

Let us now consider the process simulation technique we need for solving 
Eq. (2.119). Because variations in the process parameters, as well as circuit 
elements, are due to the unavoidable disturbances in the manufacturing 
process, the random variable x is dependent on both the primary design 
variable z and the process disturbances. 

x=P(z,D) (2.120) 

where P ( ) is a model of the manufacturing process relating the electrical 
circuit parameters x to z and D. Observe that the disturbances of a process 
are associated with a particular manufacturing facility but are independent 
of the particular circuit being designed and fabricated. Thus, the jpdf 
describing D, f D(dj, needs to be identified only once for each process. By 

employing Eq. (2.120) we can estimate moments of x in terms of z and 
therefore solve Eq. (2.119). In the next chapter we describe a process 
simulator that has the capabilities we need . 



Chapter 3 
Statistical Process Simulation 

3.1. Introduction 

In the last chapter we indicated that yield maximization methods, which 
take into account inherent fluctuations in the IC manufacturing process, 
must be supported by statistical process and device simulation. It will also 
be demonstrated in the following chapters of this book that such simulation 
is a necessary ingredient not only for circuit design but also for process and 
device development, as well as IC process diagnosis and control. This 
chapter describes the statistical process and device simulator F AERICS , 
which can mimic the stochastic nature of the manufacturing process. This 
simulator is based on concepts first proposed in [59], and then in 
[61,65] and [83]. FAERICS consists of two major parts: a process 

simulator and a device simulator. The models implemented in F AERICS 
allow for the statistical simulation of typical semiconductor devices 
manufactured by a variety of fabrication processes. 

In this chapter we introduce the basic concept of statistical process 
simulation and outline specific features and requirements that should be 
met by such a simulation. Then the current structure of F AERICS IS 

discussed in some detail. As will be seen, FABRICS can successfully mimic 
the fluctuations of any IC fab line due in part to the ability to "tune" it to 
the behavior of a given line. Such tuning involves determining the 
statistical moments (e.g., means and standard deviations) of the jpdf's that 
characterize the process disturbances. Hence we describe the program 
PRO:METHEUS [105] that has been developed for this purpose . Finally in 
the last section of this chapter we describe the current implementation of 
the entire FABRICS system. 
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3.2. Statistical Process Simulation 

The goal of statistical process simulation is the emulation of the IC 
manufacturing process. Specifically we are attempting to mimic the 
relationship between process control , and IC layout as well as process 
disturbances and the performance of fabricated IC's. Therefore, statistical 
simulation must involve modeling of the process disturbances, modeling of 
the processing steps, modeling of IC devices and circuit simulation. 
Conceptually, therefore statistical process simulation should have a structure 
as depicted in Fig. 3-1. 

Characterization 
of process 

disturbances 

Random 
Number 

Generators 

Simulation 
of process 

disturbances 

Process 
description 

Models of 
Processing 

Steps 

Computations 
of impurity 

profiles. leyer 
thickness etc. 

IC layout 
description 

Models of 
Ie 

Devices 

Computations: 
of model : 

parameters 

Netlist 

Computations 
of circuit 

performance 

Figure 3-1: Steps needed for statistical process simulation. 

In this section we discuss in more detail the general philosophy of 
statistically based process simulation, and techniques for modelling 
disturbances, processing steps, and devices. 

3.2.1. Methodology1 

Recall the model of the IC manufacturing process introduced in Chapter 1 . 
In this model the manufacturing process is viewed as a sequence of 

1This section is based upon the paper ·Stat.istical Simulation of IC Manufacturing Process' 
by W. Maly and A.J. Strojwas, IEEE Trans. on CAD, July 1982, Vol. CAD-1, No.3, pp. 
120-13l. 
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manufacturing operations (see Fig. 1-2) with each manufacturing operation 
consisting of a processing step usually followed by an inspection and 
selection step. The outcome of each process step depends upon a set of 
control parameters, a set of disturbances, and the outcome of previous 
process steps. 

In order to formally describe the simulation procedure we need to define a 
number of quantities. Let X, as before, be a vector of random variables 
that describe parameters of the Ie elements or values of the in-line 
measurements. The vector a represents the process control parameters, e.g., 
temperatures, times, gas fluxes, etc., while the vector L represents the layout 
parameters (e.g. mask dimensions.) Finally, let D be a vector of random 
variables representing disturbances in the process. 

Now the jth process step can be characterized by a model of the form: 

where 

X.­
J 

X. 
orl 

(3.1 ) 

the jth component of X, IS a vector of physical 
parameters that describes the outcome of a fabrication 
step (e.g., oxide thickness, parameters of impurity 
distribution, misalignment, etc.), 

IS an ai-th component of the vector of physical 

parameters obtained from the models of previous 
fabrication steps ( therefore ai must be less than J), 

are the vectors containing those components of L,a, and 

D, that affect the jth manufacturing step. 

Models of circuit elements can be assumed to be of the form: 

Xj = hj (X/ll , ...... ,Xpk ) fori = m+1, "', n (3.2) 

where X Pi are process characteristics that affect j-th electrical parameter of 

the fabricated device. 

Assume that models of the form described above are available . Then, 
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conceptually, simulation of the process can be carried out in the same 
manner as the process itself. In other words the process simulator can have 
a structure (i.e. a computational flow) that is identical to the physical flow 
of the actual manufacturing process . For instance, computations needed to 
determine characteristics of the N-channel MOS process may be viewed as 
the sequence of procedures, which describe processing steps depicted Fig. 1-1 
in Chapter 1, executed in appropriate order. 

Hence in general, because we desire a simulator that can handle various 
processes and a rather large number of devices, the actual simulator can be 
implemented as a library of process step models that are executed in the 
appropriate sequence. 

A key element of the simulation strategy discussed in this chapter is the 
choice of models that have been symbolically described above by the 
functions Yj and hj' While it is possible to develop a detailed and accurate 

mathematical characterization for each step in the manufacturing process, 
and for each device being manufactured, the use of such models in a 
statistically based simulator would be computationally prohibitive. The 
reason for this is that such models often require the solution of a system of 
nonlinear partial differential equations. Since statistical simulation requires 
large sample sizes, and hence repeated solutions of these models, the 
computational cost is high . What we need then is a set of models that are 
orders of magnitude faster to evaluate while at the same time able to 
provide sufficient accuracy. Therefore, we propose to use analytical models 
(or in some cases efficient numerical models) of each manufacturing step and 
circuit element that explicitly characterizes the dependence of the output 
parameters on the input parameters. (Thus, the functions g. and h. in 

J I 

Eq. (3.1) and Eq. (3.2) can be thought of as approximations to the solutions 
of the partial or ordinary differential equations in the accurate numerical 
models.) 

A major concern of statistical process simulation is the accuracy that can 
be achieved during simulation. In statistical simulation, accuracy can be 
measured in terms of the difference between parameters of the probability 
distribution of X generated by the statistical process simulator and 
estimated from the measurements. Note that the process control C and 
layout L are known and given . Thus in order to achieve good agreement 
between the simulated and measured data, parameters of the probability 
distribution of process disturbances have to be determined. This can be 
accomplished by employing statistical extraction methods on both the data 
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generated by the models and the data collected from in-line and test pattern 
measurements. If the models of the process steps and circuit elements are 
complex enough to account for the most significant physical phenomena, 
good accuracy can be obtained. In addition, if the models are physically 
meaningful, statistical simulation can be accurate enough within the 
neighborhood of a design to provide predictive capabilities. 

Hence we feel that in order to effectively perform statistical simulation of 
the IC manufacturing process it is necessary to: 

• use, as often as possible, analytical models of processing steps 
and IC elements; 

• use models whose parameters may easily be employed to mimic 
process disturbances; 

• use models whose parameters can easily be identified; 

• build simple, but physical, models to provide not only 
identification flexibility and good simulation performance, but 
also physical fidelity. 

To achieve such a goal it is necessary to very carefully make a decision 
about the choice of the simulation algorithms applied to model process 
disturbances, processing steps and elements of IC devices . 

3.2.2. Modeling of Process Disturbances2 

In Chapter 1 we described a process disturbance as a randomly changing 
environmental factor that affects performance of the fabricated IC. Usually 
such factors are complicated functions of both time and spacial coordinates, 
and in the general case must be defined as stochastic processes. In practice, 
however, a process disturbance can be accounted for by treating one or more 
of the parameters of the element and/or process model as random variables. 

To see this, consider the fluctuations of an MOS transistor threshold 
voltage. This voltage varies among transistors within an IC chip because of 

2This section is based upon the paper "Modeling of Random Phenomena in CAD of IC - A 
Basic Theoretical Consideration·, by W. Maly, Proceedings of ISCAS, pp. 427-430, 1985. 
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instabilities inherent in the process that affects the gate oxide thickness, 
substrate doping, channel width and length etc. The actual value of each of 
these quantities is determined by a number of stochastic processes (including 
randomly fluctuating temperatures, water resistivities, etc .). While 
stochastic processes such as these are the Ntrue" disturbances in the 
manufacturing process, they are difficult and impractical to model for two 
reasons. First, the exact relationships between these environmental factors 
and quantities of interest, such as the threshold voltage, are not well 
understood. Second, we are not really concerned with the time dependences 
of these relationships. Actually what we are interested in is the final value 
of the oxide thickness, densities of various charges in the gate oxide etc. 
Therefore, it is more convenient to treat disturbances as random variables in 
the model of threshold voltage. Such variables implicitly imitate the 
influence of the original process disturbances provided that they cause the 
threshold voltage to be distributed in a manner similar to what can be 
observed in an actual manufacturing process. 

It is important in the above approach to recognize that in order to properly 
model the actual process fluctuations , the random variables chosen as 
process disturbances must have a special structure. Consider again the 
MOS transistor threshold voltage and note that this voltage can vary due to 
among other reasons, variations in gate oxide thickness. Usually the gate 
oxide thickness variations observed within a single IC chip are small because 
all transistors from a single IC chip are located very close one to another 
and therefore have very similar " process histories N . This holds true for 
the majority of the parameters affecting threshold voltage. Thus we can 
expect the threshold voltages of all transistors within a single chip to be 
similar and close to a certain mean value. (See Fig. 3-2 a and c.) Such is 
not the case, however, if we compare transistors from two different chips. 
Since the mean temperature for one chip can be quite different than the 
mean temperature for another chip, the gate oxidation process will be 
different for different chips, especially if they are on two different wafers. 
(See Fig. 3-2 b .) 

The above discussion suggests that each process disturbance should have a 
mean value characterizing "average" process conditions for some local area. 
The actual conditions for a specific location within this area can be modeled 
by a variable randomly fluctuating about this "local mean value" with some 
"local standard deviation". These local parameters should also randomly 
change from one local area to another (See Fig. 3-2 d .). 
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Figure 3-2: Distribution of the temperature III the gate oxidation 
process on the wafer (a) and in the furnace (b). Probability 
density function associated with the temperature in a chip 
(c) and means of the chip temperatures in the furnace (d). 

To account for local (intra-die) and global (inter-die) variations in device 
parameters, we can employ a multilevel structure [65] for the random 
variables that characterize process disturbances. With such a structure, 
disturbances are generated by hierarchically defined random number 
generators (RNGs) at levels that correspond to natural divisions, i.e., at the 
lot, wafer, chip and device levels. These process disturbances must also be 
chosen such that they are: 

• statistically independent; 

• independent of particular features of IC layout, such that the 
simulator can be used for different ICs manufactured in the same 
fabrication process; 

• independent of process controlling parameters. 

We further assume that the process disturbances have either normal or log­
normal distributions . Note that such an assumption is not only convenient 
but also realistic . Variations of model parameters are usually caused usually 
by a large number of independent random variables. Consequently it is 
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highly likely that the distributions of random variables representing 
disturbances are normal. Note that to completely specify these disturbances 
we must identify their means and standard deviations. Since the parameters 
that characterize the process disturbances cannot be obtained by direct 
measurements, they have to be identified through in-line and test structure 
measurements. (This identification problem can be formulated as a nonlinear 
optimization problem [60]. But it is a highly dimensionality and efficient 
decomposition techniques have to be applied . A system for the automatic 
extraction of the probability distribution of process disturbances, called 
PROMETHEUS [104, 105] described in Section 3.3.) 

The above requirements can be met through the use of a two-level random 
variable which is a special case of a mixture [30]. Specifically, it is 
assumed that the two-level random variable X is described by a lower level 
probability density function ft(x ,Ml'Mz, .. .. ,Mr ) and a set of upper level 

probability density functions luj (mj ,m)l ,mjZ ' . .... ,mjle ), for 
j = 1, 2, ..... , r. Moments of the lower level density function M j , 

i=I,2, ...... ,r , are random variables and their distributions are defined by 
the upper level density functions. 

To describe a single process disturbance a number of two-level random 
variables are used and are arranged in a hierarchical structure containing 
several levels of locality. On the lowest level of locality, a two-level random 
variable is used to describe fluctuations in a very small area (usually within 
a single chip) . Moments of this random variable are described by set of two­
level random variables describing a higher level of locality, say a wafer. 
Moments of random variables characterizing this level of locality can again 
be defined as two-level random variables on yet a higher level of locality, 
say a lot. (And so on as illustrated in Fig. 3-3.) This scheme, shown in 
Fig. 3-4, is implemented in FABRICS. 

The theory of mixtures [30] provides the basic tools for the analysis of two­
level random variables. In particular, this theory is useful for determining 
the appropriate distribution for functions of the upper level random 
variables to ensure certain properties for the distribution function of the 
lower level two-level random variable. Of special importance is that, in 
general, a two-level random variable is not Gaussian. Since experimental 
data, as well as, the Central Limit Theorem [22], suggest that process 
disturbances are Gaussian, we must define the two-level random variable in 
a manner assuring its normal distribution. 
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Fabrication 

Lot 

Wafer 

Chip 

Figure 3-3: Hierarchical structure of process disturbances . 

The normal distribution of a two-level random variable can be assured m 
several ways. The simplest way is to assume that both lower and upper 
distribution functions are Gaussian and that the mean value of the lower 
level density function is a random variable while other moments are 
deterministic variables. In other words, it is convenient to assume that the 
two-level random variable X is defined by a lower distribution, Nt ( x, M , O') , 
where NO denotes the Gaussian probability density function, and 0' is the 
deterministic value of standard deviation . This case M is a normally 
distributed random variable defined by the upper distribution function, 
N (m, m ,0' ), where m and 0' denotes the mean value (of mean u m m m m 
values) and standard deviation (of mean values), respectively . Below we will 
show that the two-level random variable defined in this way has a Gaussian 
probability distribution and and that moments of such a variable can be 
easily determined by moments of upper and lower density functions. 

To compute the probability density function of the two-level random 
variable X,f xf-x), we assume that B denotes the event that X E [x ,x+Llxj, 
and A. denotes the event that ME[m . ,m.+Llm]. From the law for the 

I I I 

total probability [22] we have 

j=! 

F(B)= L F(B/ Aj)p(Aj) 
j=- ! 

where P( B) denotes the probability of the event B, and 

(3.3) 
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ID~ - Two-level random variable describing a disturbance on the 
o i-th chip from the j-th wafer 

Mean Variance 

O-Random Number Generator (RNG) 

y -RNG generating disturbances on the chip 

mtiffim - RNG generating means for the chips on the wafer 

• - RNG generating variances for the chips on the wafer 

ltt:1 - RNG generating mean value of wafer mean values for the lot 

~ - RNG generating variance of wafer mean values for the lot 

~tf~ -RNG generating mean value of wafer variances for the lot 

• - RNG generating variance of wafer variances for the lot 

Figure 3-4: Generation of process disturbances . 
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(3.4) 

l m '+..:1m 
F{A.}= I N (m,m ,u }dm, 

I u m m m. 
(3.5) 

I 

.dx and .dm are small, and m. = (I-i).dm for i=-I,-I+l, ... ,I. Now 
I 

assuming that .dx -- O,.dm --> 0 and 1--00 one can show that Eq. (3.3) 
takes the form: 

(3.6) 

Then integrating Eq. (3.6) with explicit expressions describing the Gaussian 
distribution one can show that 

1 (x-m )2 
m ) (3.7) 

Hence X has an ordinary Gaussian distribution with mean equal to mm and 

standard deviation equal to the sum of the local variance u 2 and variance of 

mean values u2 . 
m 

Note now that the two-level random variable can be used to define a 
two-level Gau88ian random vector. It is defined as a set of two-level 
normally distributed random variables with mean values which are given by 
a normally distributed random variable common for all components of this 
vector. (See Fig. 3-5) and the same lower level variance u . 

It is obvious that components of the two-level random vector are normally 
distributed random variables, with means and standard deviations defined 
by Eq. (3.7). The only nontrivial feature of this vector is that its 
components are correlated. Here we will show that the covariance matrix of 
this vector can be easily expressed in terms of appropriate variances of lower 
and upper density functions . 
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i t i i 

Figure 3-5: Two-level Gaussian random vector . 

To compute the correlation factor between the two components of the two­
level random vector note that any two-level random variable defined above 
can be viewed as a sum of two independent random variables, one 
representing the local variations of the two-level variable and the other one 
describing fluctuations of the mean values, i.e. representing the global 
portion of variability of this variable . This is evident by recognizing that 
Eq. (3.7) is a distribution function of a sum of two independent random 
variables. Thus by analyzing the correlation factor between the i-th and 
j-th component of the two-level Gaussian vector, X. and X, respectively , we 

I ) 

can assume that X .=Z.+ Zo and X .- Z .+ Zo' where Z. and Z . and Zo " )) ') 
are independent random variables, Z . and Z . have the same Gaussian , ) 

distribution, N( z,O,u) and Zo is distributed with the density function 

N(z , m ,17 ). From the above one can compute the correlation factor: 
m m 

Hence, the components of the two-level Gaussian random vector are 

characterized by a mean of m m' a standard deviation of vi u~ +172 and 

correlation factor given by Eq. (3 .8). 

The above discussion implies some important consequences as far as 
statistical simulation of the Ie manufacturing process is concerned . Two of 
the most important of these are: 
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• By using two (or more) level random variables one can 
appropriately model disturbances in the process because in this 
way it is easy to distinguish local and global components of the 
disturbance. Such a distinction is absolutely necessary for the 
accurate modeling of correlations between Ie parameters. (See 
Eq. (3.8)) . 

• Assuming a structure for the disturbance such as shown in 
Fig. 3-4, one can significantly simplify the process identification 
procedure. 
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Therefore for statistical simulation as described in this book, multilevel 
random variables are used . To provide the desired level of flexibility it is 
assumed that all moments are random variables, as well. (In reality, 
however, a majority of disturbances are modeled as normally distributed 
random variables with normally distributed mean values.) 

3.2.3. Process and Device Models for Statistical 
Simulation 

Traditional approaches to process simulation, such as that implemented in 
SUPREM [2], employ numerical models to characterize each fabrication 
process step. These models are usually expressed in terms of partial 
differential equations (e.g. the diffusion equation) that are solved using 
numerical techniques to produce the nominal profiles of impurities in silicon. 
The impurity profiles can then be used by device simulators such as SEDAN 
[21] and MINIMOS [100], in which semiconductor device models are 

described by a system of partial differential equations, (e .g . Poisson, 
transport and continuity equations) that are solved numerically to produce 
device parameters. While such simulators can produce results that are 
accurate for the deterministic case, as mentioned above, they are 
prohibitively expensive when used for statistical investigations. 

To alleviate these difficulties, FABRICS employs analytical models 
[61, 65] which are solutions of the partial differential equations that 

describe each fabrication step under a set of restricted or simplifying 
conditions that have been found to yield reasonable results. (In fact 
analytical modeling techniques have recently become more popular in the 
area of process and device simulation. Several programs have been developed 
in which either analytical models or a combination of numerical and 
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analytical models are implemented (for example, the two-dimensional 
process simulator, SUPRA [51], and the process and device simulator, 
PRIDE [88]). These approaches offer a reasonable compromise between 
accuracy and simulation efficiency. 

A detailed description of fabrication step and device models implemented in 
F AERICS is beyond the scope of this book and can be found in [82]. 
However, in order to illustrate the modeling approach employed by 
F AERICS we will present a brief description of the models implemented for 
ion implantation followed by thermal redistribution and some elements of 
the MOS transistor model. 

3.2.4. Models of Ion Implantation 

The profile of impurities after ion implantation can be taken from 
approximate solutions to a rigorous theory for implantation proposed by 
Linhard, Scharff and Schiott [56] . These approximate solutions may be 
tabulated [36] [14], and then used as a basis for a model for statistical 
simulation. In particular, the two-dimensional profile of impurities after 
implantation may be described by two one-dimensional profiles (vertical and 
lateral) such that: 

where N1(x) is a Gaussian profile [132]' and N 2(y) is a complementary error 

function given by the formula [1]: 

where 

_ (x - R )2 
p 

Nl (x )= N maxexp>-----....:...-
20- 2 

P 

N max 

Q R 
yf;j2 ( Her f vi- ) 

7r/ 2 0- 2 0-
P P 
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Note that N 1{x) is the profile in the vertical direction, N 2{y) is the profile in 

the lateral direction, and R ,U and u l are the range, straggle and lateral p p 
straggle, obtained by least-squares fits of the tabulated data as functions of 
implantation energy [36]. The straggles, up and u l are disturbed by a 

8traggle variation Llu to account for process disturbances in this step. 

Thermal processes following an implantation affect the impurity profile. 
Two models may be used to model this effect. In cases where the thermal 

step results in a diffusion length ~ (where D is the diffusion coefficient 

and t is time) that is small compared to the range of the vertical profile R , 
p 

the step may be modeled as an anneal , otherwise, it can be modeled as an 
impurity redistribution . 

The annealed profile retains its Gaussian distribution, with some increase in 
the straggle [124]. The increase in the vertical and lateral straggles may be 
expressed as: 

u =J u 2 + D t p p p 

where D pt and Dlt are the squares of the lateral and vertical diffusion 

lengths. Dl and D p are the lateral and vertical diffusion coefficients, and are 

increased to model damage-enhanced diffusion. 

The vertical impurity profile after thermal redistribution can be 
approximated by the sum of two profiles, one resulting from the out­
diffusion of impurities into the growing oxide, and the other from 
redistribution without oxidation [53], [130]. Boron and phosphorus 
distributions can be modeled by the same profile function , with different 
segregation coefficients, while the arsenic distribution model can take into 
account high doses typical of arsenic implants [29]. 

The analytical solution used for boron and phosphorus assumes that the 
profile before redistribution is Gaussian. Thus when modeling multiple 
thermal redistributions , the profile after each redistribution step must be 
approximated by an equivalent Gaussian profile . The lateral profile of 



108 STATISTICAL PROCESS SIMULATION 

redistributed impurities can be modeled by an analytical approximation to 
Smith 's function. 

The physical parameters controlling the profile models, namely diffusivity, 
segregation coefficient, and oxide growth rates, should be treated as 
disturbances. 

3.2.5. MOS Transistor Model 

The MOS transistor model implemented in FABRICS generates a complete 
set of MOS device parameters compatible with the SPICE circuit simulator 
[80]. The process simulator portion of FABRICS passes to the device 

simulator portion of F AERICS a set of physical parameters, that includes 
impurity concentrations, sheet resistances , gradient voltages and oxide 
thicknesses . These are used by the device simulator to generate device 
parameters such as: 

• Threshold Voltage, which is corrected for short-channel and 
narrow width effects, as well as the non-uniform profile in the 
gate region; 

• Intrinsic Transconductance, which is calculated with an electron 
mobility that is decreased for the surface inversion layer; 

• The dimensions of the device, which are modified by 
lithographic variations such as line-width variations and 
misalignments, as well as by the lateral diffusion of the source 
and drain into the gate region; 

• Internodal and Substrate Zero-bias Capacitances, which are 
calculated from the geometrical dimensions and overlaps. 

Here again analytical models are used in which parameters are provided by 
process simulation portion and also are extracted from the layout 
description. 
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3.2.6. Structure of the Simulator 

In this section we describe the structure of the most recent version of 
FABRICS, known as FABRICS [83]. FABRICS is composed of two major 
components, FABl, the process simulator and FAB2, the device simulator. 

F ABl contains a library of models for each manufacturing step as well as 
libraries of functions that simulate impurity profiles and extract in-line 
parameters from the simulated profiles. These routines are controlled by a 
proce88 8upervi8or which sequences through the manufacturing steps of a 
particular process, such as NMOS, and simulates profiles and extracts 
phY8ical parameter8 that can be later used for device simulation by F AB2. 
This proce88 8upervi8or routine is similar to a fabrication process flow 
chart, and can be user-defined. Thus, a cU8tomized version of the process 
simulator for a particular manufacturing process may be created. The 

Disturbances Random 
Number 

Generators 

Process 
Supervisor 

Routines 

Set of 
Physical 

Parameters 

Diffusion Oxidation I Annealing I 
Fabrication step routine library 

Figure 3-6: Structure of process simulator F ABl. 

structure of F ABl is shown in Fig. 3-6; the inputs consist of process 
parameters, process disturbances, and run control parameters. Some of the 
process models included in the manufacturing step library are: 

• Diffu8ion of impurities into silicon is modeled as a two-step 
process consisting of predeposition and drive-in . Segregation of 
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impurity atoms between silicon and silicon dioxide is taken into 
account. Diffusion models for the three basic dopants, i.e. 
phosphorus, boron and arsenic , are included. 

• Ion Implantation profiles are determined from analytical 
models that account for annealing and multiple thermal 
redistributions of ion-implanted impurities such as described in 
3 .2.4. 

• Thermal oxidation. The model for oxide growth takes into 
account the changes in oxidation rates due to various oxidizing 
ambients (steam, dry or wet oxygen), as well as for heavily 
doped substrates. 

• Photolithography. 
operations accounts 
misalignment, and 
etching operations. 

The statistical model for lithographic 
for linewidth lllaccuracy caused by 

by fluctuations inherent in optical and 

• Sur face treatment processes are modeled statistically by random 
variables representing process fluctuations (e.g. surface 
potential, surface recombination velocity, surface state density, 
and specific contact resistance). 

F AB2 uses the physical parameters generated in F ABl , combined with the 
layout of the devices, to produce device model parameters such as those of 
the Shichman-Hodges model of an MOS transistor or the Gummel-Poon 
model of a bipolar transistor. These parameters can then be used in a circuit 
simulator to predict circuit performance. 

The model parameters are computed using functions stored within the 
device model library; and a model template is then filled and passed to the 
circuit simulator. The current version of the device model library contains 
models for: 

• MOS transistors; 

• Bipolar transistors: n-p-n and p-n-p (lateral and substrate); 

• MOS capacitors; 
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• Diffused resistors; 

• Interconnections (parasitic resistances and capacitances); 

Physical FAB2 Device ..... Main r+- Model 
Parameters Routine Templets 

+ + I Device Layout I Library of Device Templet Library 

• • MOS BJT 

Circuit Parasitic 
Auxiliary (SPICE) (Gummel-

Simulator Extractor Routins 
Poon) 

Input File (FRED) 
(e.g. SPICE) • Circuit 

Extractor 
(ACE) 

1 
Layout 

File 
(e.g. CIF) 

Figure 3-7: Structure of device simulator F AB2 . 

Recently, a new set of device modeling procedures has been developed. 
Detailed information about these models can be found in [82]. 

Fig. 3-7 shows the structure of F AB2. Information about the dimensions of 
the various devices can be entered to F AB2 through a typical SPICE input 
file containing the nominal device dimensions or through the description of 
the layout using Cal tech Intermediate Form (CIF) . In the latter case, 
individual device dimensions are derived from a CIF file using a circuit 
extractor such as ACE [39] and an interconnect extractor such as 
FRED [122]. This layout information is divided into two parts: device 
dimensions, which are used in F AB2 to calculate device model parameters, 
and interconnections, which produce equivalent parasitic resistances and 
capacitances. 
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3.3. Tuning of Process Simulator with 
PROMETHEUS3 

As mentioned earlier, FAERIes models process disturbances through the 
use of a set of hierarchical random number generators. The accuracy of this 
approach is dependent on our ability to determine the moments of multilevel 
random variables that characterize these disturbances. Unfortunately 
disturbances are not directly measurable and very often are not easily 
observed. In this section we present a technique for evaluating these 
quantitIes. This technique was developed in [105] and is the most general 
approach to the problem previously defined and solved for the simple case in 
[60]. W e refer to this process as tuning. 

Simply stated tuning is the process in which moments of random number 
generators modeling the process disturbances are adjusted to obtain a good 
agreement between data measured in the process and that generated by the 
process simulator FAERIes (see Fig. 3-8). In the general case tuning can 
also be seen as a process in which the basic statistical characteristics of an 
Ie process are extracted. Hence, the general problem to be solved is 
extraction of the statistical characteristics of an Ie manufacturing process. 
Thus we begin our discussion of tuning with a discussion of the process 
characterization problem. 

3.3.1. Mathematical Formulation 

To precisely define the process characterization problem it is convenient to 
introduce the following notation. The n-dimensional vector d will be used to 
represent the n process attributes that characterize the process disturbances. 
The m-dimensional vector p will denote the m process attributes that 
describe the process conditions. Finally, the k-dimensional vector y 
represents the k process outputs that describe the characteristics of a 
manufactured circuit and its components (e.g., physical and electrical device 
parameters such as threshold voltages, parasitic capacitances etc). 

Let us assume now that the physical phenomena that occurs during the Ie 

3This section is based upon the paper: "Parameters Extraction for Statistical Process 
Characterization" by C.J. Spanos and S.W. Director in IEEE Trans. on CAD, Vol. CAD-5, No. 
1, pp. 66-78, 1986. 
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Figure 3-8: Ie process characterization. 

fabrication process, for given values of the process parameters, are modeled 
by a system of nonlinear algebraic equations: 

y=F( d). (3 .9) 

Note that Eq. (3.9), is deterministic and therefore can only be used to 
describe the behavior of the process for a specific set of parameter values. 
In fact, by appropriate selection of values for the process disturbances , 
Eq. (3.9) describes the nominal behavior of an Ie process. It is possible, 
however, to use Eq. (3.9) to capture the statistical attributes of an Ie 
process if we allow the vectors d and y to be random variables of the form: 

d=do+de 

y=Yo+ Ye. 

(3 .10) 

(3.11 ) 

Here do and Yo are vectors of deterministic values and represent the nominal 

values of the disturbances and the outputs of the process, respectively: d e 

and Ye are realizations of the random processes . 
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More specifically d represents the N independent statistical variations that 
are superimposed on the nominal values of the disturbances of an Ie 
fabrication process and Ye represents the K (usually correlated) statistical 

variations superimposed on the nominal values of the outputs of an Ie 

process. Also, we will note by (ld the R-dimensional vector of the significant 
moments that describe the statistics of de affecting the process. Similarly, 

we use (Iv to denote the S-dimensional vector of the moments that describe 
the statistics of Ye' 

At this point let us amplify what is meant by nominal values. While 
observing an actual process, the engineer must decide on what constitutes 
nominal values and what, therefore, constitutes deviations from nominal. 
While this choice is somewhat arbitrary, it is convenient to select as the 
nominal a value so that the median of the statistical component is zero. 
Since we are presently concerned with normal distributions, we will then 
choose the nominal value so that the mean of the statistical component is 
zero. Such a choice greatly simplifies the solution of our characterization 
problem, by allowing the use of regression models created during what we 
call the deterministic stage of the extraction for sensitivity analysis during 
the statistical part of the extraction. 

Based upon our discussion of nominal values, we define the nominal values 
of do and Yo such that Eq. (3.9) is satisfied when de and Ye are set to zero. 

In other words, once Yo is determined from measurements, a do is chosen so 

that 

(3.12) 

In this way , the statistical variation superimposed on the outcome of the 
process, Ye' is the direct result of the statistical variation superimposed on 

the process conditions, de' We also assume that the statistical distribution 

of each of the disturbances de is completely characterized by the respective 

elements of the vector of moments ()d, and the joint statistical distribution of 
outputs Y is completely characterized by the vector of moments, ()v. 

c 

The problem of statistical process characterization can now be defined as 
follows: Given a model that describes an Ie process, as well as the nominal 
values of the outcome of the process Yo and the statistics of the joint 
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probability density function of the outcome of the process Ye (both of which 

can be inferred from measurements), identify d , and the corresponding 
o 

moments of the independent distributions of de. 

3.3.2. Methodology of Solution 

As it was proposed in [105] the above problem can be effectively solved in 
two phases. The first involves identification of do given a particular 

measured value Yo of Yo. This operation is referred to as the pretuning 
phase and involves the solution of the problem: 

mm IIYo-F(do)ll z. 
d o 

(3.13) 

Solution of Eq. (3 .13) is straightforward using standard nonlinear 
programming methods. Having found do the second phase, called final 
characterization phase , is carried out to identify the statistics of de. 
Application of nonlinear programming techniques to this part of the 
problem is considerably more involved. 

Since the process disturbances and the process outputs are explicitly related 
through Eq. (3.9), we may assume that an implicit relationship exists 
between (JY (i .e., the statistical moments of the process outputs) and (Jd (i.e. , 
the statistical moments of the process disturbances) as well. We denote this 
relationship by 

(3 .14) 

Assuming that moments (JoY are given from measurements one can find 

moments of the disturbances by solving minimization problem: 

(3 .15) 

The problem is, however , that since the relationship characterized by 
Eq. (3.15) is not explicitly available, nor is it easily deduced from Eq. (3 .9), 
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an approximation must be devised. Furthermore, successful solution of the 
minimization problem in Eq. (3.15) implies several assumptions. Namely, 
that the jpdf of Ye can indeed be described by a number of known moments, 

and that the jpdf of de is of known form. It also implies that the estimators 

for the moments to be used in the extraction are robust, so that the best is 
made of the limited number of measured samples that we have at our 
disposal, and that formal termination criteria have been developed, so that 
the solution will not be overly dependent on the particular subset of the 
population that has been measured. 

Finally let us recall that the statistical IC process characterization problem, 
treated in its entirety, requires the simultaneous extraction of moments of 
multilevel random variables representing process disturbances. Because 
there may be as many as, for instance, forty independent process 
disturbances and as many as eight statistical moments per disturbance, the 
respective extraction problem becomes prohibitively complicated. Thus, we 
are motivated to decompose the hierarchical statistical characterization 
problem into a sequence of non-hierarchical (flat) subproblems. We will 
then perform the extraction on each of these subproblems and subsequently 
reconstruct the hierarchical description of the process disturbances. 

The non-hierarchical statistical extraction subproblem is to be solved in two 
stages. These stages are: the extraction stage , where the problem is 
formulated as a deterministic minimization and then solved; and the 
verification stage where the validity of the solution found during the 
extraction stage is evaluated statistically. The extraction stage can be 
further simplified if (as already mentioned) it is done in two phases. These 
phases are: the pre tuning phase where the nominal values of the 
disturbances are extracted Eq. (3.13), and a final characterization phase 
where the statistical moments of the disturbances are extracted by solving 
Eq. (3.15) . In [105] the above approach is described in more detail. 

3.4. The Process Engineer's Workbench4 

The Process Engineer's Workbench (whose structure is shown in Fig. 3-9) 
integrates the capabilities of F AERICS, as well as a number of tools that 

4This section is based upon the paper "The Process Engineer's Workbench" by A. J. Strojwas 
and S. W. Director, IEEE Journal of Solid-State Circuits, No.2, April, Hl88 , pp. 377-386. 
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have been developed to work in conjunction with F AERICS (such as 
PROMETHEUS and the statistical design rule developer STRUDEL [97]) , 
into a unified process synthesis environment. The The original 
implementation of F AERICS as a stand alone simulator, in terms of 
program size, constitutes less than 10 percent of the entire PEW system . 
This environment has a flexible, graphics-based user interface that allows 
the designer a great deal of freedom in using the various tools. It also has 
the capability of interacting with other technology-oriented CAD tools such 
as SUPREM and PISCES . 

In what follows we describe some of the features of PEW. We begin with a 
discussion of the features of the most current version of F AERICS that 
make it ideally suited to forming the heart of the Process Engineer's 
Workbench. We then overview the user interaction that is possible with the 
PEW during process synthesis and discuss some of the operational details of 
the system. Next we describe the internal data structures which are 
essential for the incremental simulation. The concept of process compilation 
and subsequent simulation capabilities of the customized version of the 
simulator within PEW is described. Finally, we present an application of 
PEW for synthesis of a commercial state-of-the-art fabrication process. vVe 
conclude with a brief discussion of possible extensions to PEW . 

3.4.1. Process and Device Simulation 

While PEW can perform all of the basic functions of F AERICS, it employs 
a different program structure in order to achieve greater flexibility and 
ultimately achieve increased functionality. In PEW (see Fig. 3-9) the 
process model library contains models for each of the process steps. 
Specifically, models are included for ion implantation, annealing, diffusion 
(predeposition and drive-in ), multiple redistribution , oxidation (2-d 
LOCOS and thin oxide growth), epitaxy, all lithography steps, deposition, 
and dry etching. These models can be called in an arbitrary sequence so as 
to be able to simulate arbitrary process flows (e.g. bipolar , MOS or 
BICMOS). Further, simulation can be carried out in an incremental 
fashion, i.e. the designer can examine the results after each step of the 
process, or after the entire fabrication process. The complete sequence of 
fabrication steps associated with a given process, along with the list of in­
line measurements or device parameters for which values are desired, is 
specified in PEW by a process supervisor. Processor supervisors for an 
arbitrary process can be easily generated by the processor 
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Figure 3-Q: Process Engineer's Workbench . 

interpreter/compiler . Once a process supervisor has been developed it IS 

stored in the process supervisor library. 
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Models in the process model library are either analytical or efficient 
numerical in nature. The moments that characterize the probability 
distributions associated with these parameters can be extracted from in­
process measurements, that have been made on physical test structures, 
through the use of PROMETHEUS. 

The process simulator in PEW can generate two-dimensional impurity 
distributions and oxide profiles, as well as device topography. It can also 
generate device parameters such as threshold voltage as well as a number of 
in-process parameters, such as sheet resistances, junction depths and layer 
thicknesses. 

The device model library stores models for each device type. Examples of 
device types currently stored in this library are bipolar transistors, 
(including vertical n-p-n, substrate and lateral p-n-p's), small geometry 
MOSFETs, Ie diodes, Schottky diodes, arbitrary capacitors (e.g. p-n 
junction and overlap) and resistors (for arbitrary conducting paths). These 
models can be used to generate both device current-voltage characteristics 
and device model parameters to be used by circuit simulators. 

3.4.2. User Interaction-Process Synthesis 

A process recipe is entered into the PEW by means of a versatile menu- and 
form-driven user interface [57]. This interface contains a mask editor which 
allows the user to define the layout of the basic device structures. Since the 
process step library contains models of all the major processing steps, and is 
capable of generating the two-dimensional impurity distributions and oxide 
profiles, as well as device topography (deposition, lithography and etching 
models are included), full process integration capabilities can be obtained. 

Each fabrication step in a process recipe is entered by making the 
appropriate selection from a menu in the order that is performed in the real 
manufacturing line. A set of process control parameters must be specified for 
each fabrication step. This is accomplished through the use of a form. 
Fig. 3-10 shows the parameter entry form for an oxidation step. Observe 
that each line of the form contains information about the type of parameter 
whose value is to be entered and the allowable range of values for that 
parameter. Incorrect parameter values are not accepted and the user is 
prompted for a correction. To provide a reasonable starting point for 
inexperienced users, default values of control parameters for each process 
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Oxidize Specifications 

Name [string] pr\;;e-JOu.xll.,'L..-__ _ 

Type [enum] D~r¥,--__ 

Time <0:30000> ([min:] sec) [string] 

Temperature (K) [float] <800 : 1600> 

Oxygen partial pressure [float] <0 : 1> 

HCL partial pressure [float] <0 : 1> 

Figure 3-10: Oxidation entry form. 
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If a process step requires a lithographic mask, a mask editor may be invoked 
from the menu as shown in Fig. 3-11 . This figure illustrates the capabilities 
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of the mask editor which is functionally equivalent to a standard layout-
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editing system. Each masking layer has a unique code which is explained on 
the left-hand side of the screen. 

In PEW, incremental process simulation is accomplished through the use of 
the Process Interpreter [471 coupled to a three-dimensional database. The 
database contains information about all of the layers that define each device 
structure and its electrical properties . For each step in the process , the 
interpreter invokes the appropriate process model routine and then modifies 
the 3-D database after simulating the step. The interpreter also has an 
extensive error checking capability and can detect such errors as improper 
values of process control parameters, e.g. an insufficient value for the 
implantation energy that may result in the entire dosage of impurities 
staying in the screening oxide. Errors in the process sequence, such as 
omission of the photoresist lift-off step, can be detected as well. 

Incremental simulation is particularly useful if the designer wishes to 
observe the effects of process controls on the output parameters (e .g., layer 
thicknesses and junction depths) of an individual process step. Process 
controls can be manipulated until the desired values of the output 

parameters are obtained ." 

To facilitate evaluation of process simulation results, a number of display 
capabilities have been provided in PEW. Both one-dimensional impurity 
profiles and two-dimensional cross-sections through the devices of interest 
can be displayed. Furthermore, a user can request an arbitrary cross­
sectional display by specifying the cross section of interest with a line in the 
mask editor. 

3.4.3. Internal Data Structures 

In order to support the above features, a full three-dimensional 
representation of the chip structure is used . Specifically, the chip area is 
divided into regions, and each region is defined by a unique stacking of 
layers (e.g., p-type impurity region, oxide, polysilicon, insulator, metal) . 
Fig. 3-12 illustrates the representation of a typical NMOS transistor, while 

SIn a future relea.se of the system, an optimization feature will be included that will allow 
PEW to automatically determine the values of a set of process control parameters that will 
result in a specified set of output values. 
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Fig. 3-13 illustrates the representation used internally in which the 
boundaries between regions are approximated in the piecewise linear form. 

TRANSISTOR 

Gate region S / D region 

Figure 3-12: Simplified structural representation. 

This data representation can be viewed as an extension of other IC 
representations such as the Caltech Intermediate Form (CIF). Unlike CIF, 
where only conducting layers are considered, the region/ layer approach 
includes information about all layers. In addition, each layer has more 
detailed information concerning the material properties. For example, a 
diffusion layer in CIF would be represented in the PEW database using a 
profile function which specifies a 2D impurity concentration. This 
representation is updated after each new lithographic mask is entered into 
the system. For instance, when simulating an implantation, the interpreter 
checks each region in the database to determine where the implantation will 
penetrate. A new layer representing an impurity profile is added to the 
layer stack for each region in which penetration occurs. Extraction routines 
in the interpreter generate information about the process which can then be 
displayed by the user. 
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3.4.4. User Interaction - Compiled Simulation 

After the designer is satisfied with the simulation results for a complete 
process, the process recipe can be translated by the process compiler into a 
process supervisor linked with the appropriate device models from the 
process and device model libraries and stored in the process supervisor 
library . More specifically, the process compiler generates the C-code for 
each process step needed to simulate the effect of this step on the 3-D 
database. In addition, the C-code extracts physical parameters for use in 
the F AERICS device simulator. All the data files needed by the process 
supervisor are also produced by the compiler. The process supervisor and 
associated data files are then linked with the necessary routines in the model 
libraries. Linking a supervisor is a two-step process . In the first step, the 
process supervisor is linked to a diagnostic version which has extra checks to 
assure that the devices are correctly defined. Although the process 
information indicates that device structures are valid, extra checks are 
added to verify that the electrical characteristics of the devices are 
acceptable. Once the diagnostic version has been successfully run with the 
new process, the supervisor is linked to the statistical version which can be 
used to generate data for a large chip population. In essence then, a 
"customized" version of F AERICS is created and efficient process/ device 
simulation can be now performed. Note that by changing the output 
generator in the Process Interpreter, an input fil-e for SUPREM can be 
created. Moreover, the data structures that reside in the database at the 
end of the complete process simulation can be transferred to a two­
dimensional device simulator such as PISCES or MEDUSA. Such 
capabilities are planned for the next generation of PEW. 

Actual execution of the customized version of F AERICS is controlled via the 
user interface. In the nominal simulation mode, the output from the device 
simulator in F AERICS can be examined via the two-dimensional plots of 
electrostatic potential (as illustrated in Fig. 3-14), depletion layer spreading, 
and the extracted device model parameters such as threshold voltage and 
transconductance of MOSFET's. In the statistical mode, samples of devices 
with different dimensions that typically occur due to mask misalignment can 
be generated. The statistical distributions of the device model parameters 
can be analyzed by statistical post-processing routines invoked from the user 
interface. It is also possible to display the statistical simulation results in 
graphical form via histograms or scatter plots (as illustrated in Fig. 3-15 
and Fig. 3-16). 
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Figure 3-16: Scatter plot. 

Tuning is accomplished by using PROMETHEUS with in-process and test 
structure measurements gathered from the fabrication line. PROMETHEUS 
generates the process disturbance files for a particular supervisor and is 
capable of performing hierarchical tuning, thereby accounting for the 
special correlations that occur within lots, wafers and chips . Although 
tuning is a computationally expensive task, F AERIes does not have to be 
re-tuned for different Ie layouts or modified process parameters because the 
process disturbances in FAERIes are independent of process controls and 
device layout. 

Once FAERIes has been tuned to a given fabrication line, it can be used to 
optimize the layout design rules such as minimum width, minimum spacing, 
or overlaps between different regions . The objective is to achieve a 
probability of failure for a given rule that is less than some threshold value. 
FAERIes can provide the statistical distribution of the edges of the 
geometrical objects of a layout by taking into account sources of variations 
as mask misalignment, etching fluctuations, lateral diffusion, depletion layer 
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Figure 3-17: SPICE waveform. 

expansion and the bird's beak effect. The statistical design rule developer 
STRUDEL [97] has been included in PEW to combine the information about 
the layout edge distributions from F AERICS with the information about 
spot defect distributions to optimize the design rules. 

Finally, to observe the impact of the process design on circuit performance, 
PEW can access a circuit simulator such as SPICE and display simulation 
results as either waveforms or transfer curves. A waveform editor which 
allows for extraction of such circuit performances as delay times or power 
dissipation in the circuit is a part of the Workbench interface. Hence, the 
user can perform such activities as worst-case analysis or even statistical 
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design centering In terms of either process control or device layout 
parameters. 

3.4.5. Extensions 

Current efforts focus on extending the PEW system to accommodate a 
variety of simulators. The problem of interfacing numerical device 
simulators has been solved by generating meshes in the regions of interest 
and specifying the impurity concentrations for all mesh points. This 
representation has been already used with the numerical device models for 
small-geometry MOSFETs [99]. At present, the direct interface to other 
simulators would still require a number of translators to generate the data 
files in a format acceptable to these tools. To alleviate this problem it is 
expected that a Profile Interchange Format (PIF), which is being developed 
by an EDIF subcommittee, will be used in our system. 



Chapter 4 
Statistical Analysis 

This chapter describes several examples of the statistical analysis of IC 
performance. The first section is devoted to the description of the new 
approach to statistical timing analysis which offers a very significant 
improvement in the speed of evaluating the timing behavior of digital MOS 
IC's . This approach is especially well suited for the statistical design 
purposes such as design centering or worst-case design . The latter is the 
subject of the next section in which the worst-case analysis is formalized. A 
software system, WORCAN, is also described in this section together with 
some computational examples. Finally, the last section describes an 
approach to statistical optimization of the functional blocks of IC's. The 
optimization is carried out in terms of both layout and process control 
parameters. FABRICS is used in all the examples in this chapter to 
generate the data for statistical analysis. 

4.1. Statistical Timing Simulation1 

A key consideration in designing large CMOS chips is timing. Currently, 
the best means for verifying the behavior of VLSI circuits both from the 
logic viewpoint and from the timing viewpoint, is simulation. 

Unfortunately , while strict hierarchical design methodologies have been 
developed in order to manage the complexity of the design process, the 
simulation algorithm has yet to take advantage of hierarchy. In many cases, 
only the simulation of the basic cells is performed, while the interaction of 

IThis section is based on the paper' A New Approach to Hierarchical and Statistical Timing 
Simulations' by J. Benkoski and A. J. Strojwas, IEEE Trans. on CAD of ICAS, vol. 5, pp. 
1039-1052, 1987. 
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these cells and the interconnect timing are verified only by logic simulators 
and timing verifiers . In order to alleviate this problem, we need to find 
new ways of obtaining the timing data while verifying the logic behavior of 
the circuit . The association of larger chips with tighter timing constraints 
has increased the importance of both accuracy and efficiency. Furthermore, 
the need to verify large portions , if not the whole design, has definitely 
imposed a stress on hierarchical approaches. In addition, in today's 
technology, the assumption that process parameters are constant between 
dies, or even within a die, is no longer valid. AB a result, statistical 
verification of the timing is now essential. Since statistical analyses require 
repeated runs, the cost of each simulation is even more crucial. Moreover, 
in order to perform a meaningful analysis of the process parameter 
variations, the simulation accuracy must be further improved. In this 
section, we will present a new methodology for timing simulation which was 
developed with the intention of satisfying both hierarchical and statistical 
requirements. 

4.1.1. Overview 

One obvious approach towards obtaining statistical timing data is to 
perform a Monte-Carlo experiment using a circuit simulator. However, such 
a technique requires a large number of simulation runs and often builds an 
unnecessarily complex model of the physical behavior of the circuit in order 
to compute the delay. A slightly better result in terms of computational cost 
can be obtained by employing an importance sampling strategy [103] that 
optimizes the selection of the simulation experiments. Unfortunately, even 
the reduced number of simulations that are necessary can become 
impractical. An alternative approach to timing verification involves 
associating a statistical delay model with each large block and using a delay 
propagation operator to compute the appropriate statistical output delay as 
a function of all of the input delays. In this way, a statistical model of the 
delay through a critical path could be easily computed. This idea was first 
implemented in TA [44] which used a statistical delay model based upon 
normal distributions characterized by their mean Jl and variance u . The 
delay propagation operator simply added the delay through the block to the 
latest of the input signals, the latest being defined by Max(Jlj+,Bu), where ,B 
is a certainty factor. Unfortunately , this algorithm introduces some 
anomalies. First, this algorithm produces only nominal distributions, and, as 
our results have shown (see Section 4.1.6) the actual distribution is not 
always unimodal. Furthermore, TA's algorithm chooses one of the 
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distributions as the basis to compute the output distribution, and, of course, 
if the two distributions are very dissimilar this will result in a large 
difference between the computed output distribution and the actual 
convolution of the input distributions. A best fit delay propagation operator 
[128], in which the output delay is computed as the nominal distribution 

that fits the best the actual convolution of the input distributions was later 
proposed. However, while this solves the anomaly we have described above 
and approximates with good accuracy similar input distributions, it still 
does not allow us to model the non-unimodal distributions that would result 
from the convolution of significantly dissimilar input distributions. 
Moreover, the most important problem in the algorithm is the absence of 
correlation between the delays. There is no doubt that the variations in the 
delays are the results of common factors, and, particularly in the case of the 
process parameter variations, the correlation can be very high. By assuming 
statistically independent delay models, the probability of the worst case 
result is artificially increased, resulting in tight constraints that will 
eventually lead to overly conservative designs. Further work within this 
framework partially corrected the problem by introducing a correlation 
coefficient matrix [101] whose computation was eased in the limited library­
based gate array environment. In this case, it is possible to compute the 
correlation between the delays of all of the gates in the library. This work 
also recognized the need to account for both intra-die and inter-die 
variations by extending the matrix to both on-chip and chip-to-chip 
correlation coefficients. Unfortunately, while this technique certainly opened 
new horizons, it is not general enough nor applicable to other environments. 

4.1.2. Our Approach 

As we have seen before, the absence of modeling of the logic behavior in 
timing verifiers has seriously limited their use by causing false paths to be 
discovered. In statistical problems, inevitably higher computational costs 
constitute another obstacle since the cost of the wasted effort associated 
with discovering false paths increases dramatically. In this section we 
describe an alternative approach that is based on a simulation paradigm. 
More specifically, as in circuit simulation, we propagate user-defined stimuli 
through the circuit and simulate its real response , but while circuit 
simulation tries to mimic as closely as possible the real, continuous (analog) 
waveforms, we will be concerned only with the more abstract timing 
models . Timing models simply characterize real waveforms by their 
associated logic transitions , the time of their occurrence, and some measure 



132 STATISTICAL ANALYSIS 

of their duration. This transition model can be formally defined in terms of 
the real waveforms: 

• starting time: the beginning of a transition, its time of 
occurrence. It is measured as the time at which the real 
waveform crosses 10% of the voltage swing associated with the 
transition. 

• arrival time: the end of a transition. It is measured as the time 
at which the real waveform crosses 90% of the voltage swing 
associated with the transition. 

• transition time: the duration of a transItIOn. It is defined as 
the difference between the arrival time and the starting time. 

• delay: the delay between two transitions. It is defined as the 
difference between the starting time of the first transition and 
the starting time of the second. In the case of a delay through a 
block, it is simply the difference between the starting time of the 
output transition and the starting time of the input transition 
causing it. 

A graphical interpretation of these definitions is shown in Fig. 4-1, in which 
the waveform has been approximated by a lineal' interpolation between the 
voltages corresponding to the starting time and the arrival time. 

arrival time starting time 

vo 

starting time arrival time 

Figure 4-1: A waveform. 

We wish to build a model based upon the logic and timing characteristics of 
the output tran8ition8 resulting from an input tran8ition. Therefore, we 
need to partition our circuit in such a manner that the resulting blocks will 
have well-defined inputs and outputs. Most approaches to circuit 
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partitioning involve flattening of the circuit, clustering of elements according 
to impedance, and identification of unique blocks. While these methods may 
be useful for circuit simulation , they are not consistent with the design 
hierarchy. Keeping in mind our goal of integrating the simulation process 
and the design process, we are motivated to perform partitioning according 
to the design hiel'archy. Although the leaf cells of this design hierarchy 
usually contain very simple elements (single transistors, contacts, etc.), the 
higher levels contain basic logic gates and eventually logically meaningful 
blocks such as adder bit-slices, flip-flops, and control logic blocks. We will 
concentrate on those logically meaningful blocks, as they have well-defined 
inputs and outputs. In addition to the inputs and outputs, we will also 
require the storage nodes to be defined . 

Our modeling methodology is based upon a dissociation of the logic behavior 
and the timing behavior of the blocks . The logic behavior of a block is 
described in terms of a set of logic states . A logic state, is defined in terms 
of voltages (or their equivalent logic values) at the input, output, and 
storage nodes, assuming the inputs are stable at one of the supply voltages 
and the block has reached its steady state. Being intended as a verification 
tool, STAT! models only the legal behavior of the blocks. Since usually not 
all of the possible combinations of input values are meaningful, some of 
them should therefore not appear in the normal operation of the block as it 
was intended by the designer. These illegal combinations are called illegal 
states and, although their appearance in the course of a simulation is 
detected and flagged , they are not part of our model. A simple example of 
an illegal state can be found in any block clocked by two non-overlapping 
clocks: the two clocks cannot be "ON" at the same time. An analogy can 
easily be made with the switching theory and will serve as the basis for the 
rest of our discussion . Each logic state can be viewed as a state in an 
equivalent finite state machine (FSM). The resulting state graph includes 
only the legal states. For each of the legal states we define the set of input 
changes (transitions) that can appear in the normal operation of the block3. 

These input transitions cause associated output and storage node changes 
which, once the block has reached its new steady state define another legal 
state. In the state graph, these transitions from state to state are 
represented by their equivalent edges. Fig. 4-2 shows the FSM representation 
of a half-adder . 

By observing the finite state machine representation that we have just 
described, it can be seen that, within this model, the timing behavior of the 
block can be modeled by the response of the output and storage nodes to a 
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Figure 4-2: FSM representation of a half-adder. 

change in the inputs. In terms of our timing level definitions, this amounts 
to finding the output and storage node transitions resulting from an input 
transition. Since a transition is fully characterized by its starting time and 
its transition time, we define a block timing model that consists of two 
components: 

• Delay: the delay through a block. The output transition starting 
time can be computed as the sum of the input transition starting 
time and the delay . 

• Output transition time: the transition time of the output 
transition . The output transition arrival time can be computed 
as the sum of the output transition starting time and the output 
transition time. 

The experience of timing verifiers with models that did not account for the 
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input slope effects on the delay, as well as the results of our own 
experiments, have influenced us to build those models as a function of the 
input transition time. Furthermore, the resulting model is self-consistent as 
it takes a transition defined by its starting time and transition time and 
outputs another transition defined in the same terms. In order to make our 
model applicable to many different situations, we have also incorporated the 
output capacitance as a parameter. Thus, a single block timing model can 
be used in different instantiations of the corresponding cell without 
introducing any error as a result of the different load it is facing. Moreover, 
this fits very well in our philosophy of integrating the simulation process 
and the design process, as neither the cell nor the model need to be changed 
to accommodate different environments. A complete description of the 
method for building this timing model as well as a more refined model for 
large blocks can be found in Section 4.1.3. 

Our goal in this work was to easily evaluate the effect of the process 
parameter distribution upon the timing behavior of a circuit. In addition, we 
wanted to find a way to account for the correct correlation between the 
delays in order to avoid the conservative results obtained in the past. Both 
goals were achieved by extending the nominal model and building it as a 
function of statistically independent process parameters. It is important to 
stress that, when using this statistical model, a different delay and a 
different output transition time are obtained for different values of the 
process parameters. Since the model is based upon statistically independent 
process parameters, the variations in the computed delay and output 
transition time for different blocks are automatically correlated. Therefore, 
when running a simulation for certain values of the disturbances in the 
process parameters, the computed timing is based upon delays that 
implicitly contain the correct correlations. 

Although it is important that the parameters be independent, their actual 
identity and number are not part of our methodology. In the current 
implementation, we model variations in the polysilicon line width which 
defines the transistor length L, the active region width which defines the 
transistor width W, and the metal line width W m which plays an important 

role in variations of the interconnect capacitance. This set of parameters 
represents a good approximation of the first-order effects of process 
disturbances. As an example of the need for low-level, statistically 
independent parameters, let us consider the problem of modeling of the 
variations in the threshold voltage V T Because VT is strongly related to the 

transistor length in short channel transistors, it is not statistically 
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independent of L. Therefore, we need to find lower-level parameters which 
influence VT and are independent of all the other parameters. In this 

particular case, we could choose to add N s' the surface concentration. By 

doing so, we enforce an interesting decomposition of the problem, and we 
separately model the independent effects. The transition-based model that 
was defined above lends itself well to an event-driven propagation scheme. 
Indeed, while the block logic model allows us to determine the output and 
storage node transitions resulting from an input transition, the block timing 
model enables us to compute the starting time and output transition time 
of those resulting transitions on the basis of the input transition 
characteristics. In other words, the association of both models provides us 
with an operator that fully defines the output and storage node transitions 
caused by an incoming input transition. By defining an event as a 
transition, we can construct a framework in which the simulation algorithm 
is made very simple: 

1. Take the first event (transition) in the event queue. 

2. Find resulting output and storage node transitions III the block 
logic model. 

3. Using the incoming transition starting time and transitIOn time, 
compute the starting time and transition time of the resulting 
transitions from the block timing model. 

4 . Schedule the resulting transitions in the event queue . 

5. If the event queue is empty, terminate. Otherwise go back to 1. 

In the nominal mode, the block models are called with the nominal values 
of the process parameters, and the result of the simulation gives us the 
nominal timing. Of course, if we have built the statistical model , we can 
call the block models with disturbed values of the process parameters and 
compute the resulting, correctly correlated, disturbed timing. 

4.1.2.1. Timing reevaluation 

The STAT! approach, as described until now, seems to be an appropriate 
way of quickly computing the nominal as well as the disturbed timing 
data. However, when facing massive computation requirements (as in the 
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computation of the probability distribution function of a delay), the 
algorithm described so far will eventually succumb. The proposed 
methodology goes further and includes a statistical mode in which we can 
reevaluate much faster the timing characteristics of the circuit for disturbed 
values of the process parameters. This statistical mode is based upon a 
single nominal simulation followed by fast reevaluation of the resulting 
timing. In the flow chart shown in Fig. 4-3, this first nominal simulation is 
represented by the black arrows. As a result of the first nominal timing 
simulation, we have built an event queue of all of the events that have 
happened in the circuit during the simulation. This queue represents a 
model of the ordering of the events according to both chronology and 
causality. Indeed, not only is the queue ordered according to increasing 
starting time, it also includes the causal relationship between the output 
and storage node transitions and the input transition that caused them (see 
Section 4.1.6). At the end of the nominal timing simulation, the timing 
data of the circuit can be reevaluated by recursively recomputing the 
starting time and the transition time of all the events according to the 
causality tree . In Fig. 4-3 , this reevaluation is represented by the grey 
arrows. 

This fast reevaluation mechanism is based on the fact that we know that 
each output event results from some input transition. Therefore, there is a 
timing model that has allowed us to compute the delay and the output 
transition time of the event. Under the new, disturbed values of the process 
parameters, the same timing model will return other values, therefore 
causing new starting time and transition time to be computed for the 
resulting transition. Of course, unless this transition was user-defined and 
applied to a primary input, it was also modified by the disturbed values of 
the process parameters, and , therefore, we need to recursively recompute the 
timing of all transitions. At the end of the complete reevaluation, we verify 
that the ordering of the events at each block has not been changed. If this 
is the case, we can be sure that the recomputed timing behavior is correct. 
However, if we find that the ordering is modified, this may indicate that, 
under these particular values of the process parameters, a parametric fault 
has occurred. 

4.1.3. Characterization 

By characterization we refer here to the process in which we observe the 
behavior of the block under different conditions, characterize this behavior, 



138 STATISTICAL ANALYSIS 

-c: Unique blocks * Parser 

Netlist t Block models ~ Block characterization 

Initialization of t 
u~:~~f~:~esd ~ Event scheduler ..... .--4.~ Event queue 

~ 
Get disturbed parameters 

Recursively re-evaluate 
all the events 

Check event ordering 
for each block 

Statistical output 

Figure 4-3: The flow chart. 

Output 

and build a simplified model that will exhibit similar characteristics. In the 
past, many models of the timing behavior have been proposed. Most have 
tried to generate a simpler model of MOS logic gates in terms of equivalent 
resistances, capacitances, and controlled current and voltage sources [93, 75] . 
While these approaches provide a significant speed-up when compared to 
circuit simulation, they still require an analysis of the resulting circuit. 
Other works departed from this approach by restricting the type of input 
and output waveforms to a set of predefined functions and providing a 
model to compute the output waveform as a function of the input waveform 
[84]. This macro-model does not require any additional analysis and lends 

itself very well to the event-driven simulation schemes. Our model is based 
on the same principle, except that we consider a much simpler 
approximation to the waveforms, requiring only the modeling of the delay 
and the output transition time. As we mentioned in Section 4.1.2, the 
nominal model is a function of only the input transition time and the 
output capacitance, while the statistical model is also a function of the 
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process parameter variations. 

In order to build this parametrized timing model, we have implemented the 
following scheme: 

1. Perform several circuit simulations with different values of the 
parameters included in the model. 

2. Extract the relevant data from each simulation (i.e., delays and 
slopes). 

3. Build the model by linear regression. 

In the current implementation, circuit simulation is performed for each 
combination of the three values of each parameter: the two predicted 
extreme values and the mean value. While the resulting full factorial plan is 
straightforward, it is certainly not the most efficient way of building a 
model by experimentation and was chosen only in order to allow an easy 
testing of our methodology. Various methods of reducing the number of 
experiments required in order to build parametric models (such as fractional 
factorial experiment plans [10]) are employed. 

During the course of this research, we have tested both SPICE2 [80] and an 
early version of CINNAMON [123] . We have found that the accuracy 
provided by CINNAMON was sufficient and the resulting speed-up very 
significant. Typical CPU-times for a full characterization were of the order 
of 5 minutes for CINNAMON and about 1 hour for SPICE2 on a 
V AXstationII. 

Using the timing data computed from the circuit simulations, a parametric 
model is built by linear regression [10]. Here again, the methodology does 
not specify the degree of the polynomial used in the model. We have found 
however that a second order polynomial allows to obtain a high level of 
confidence in the model computed by the linear regression program. 
Furthermore, many experiments have shown that the delay and the output 
transition time are almost proportional to the input transition time (see 
Fig. 4-4) and to the output capacitance, and the non-linearities can easily be 
accounted for in a second order polynomial model. 
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Figure 4-4: Influence of the input transition time. 

4.1.4. Delay decomposition 

The delay model we have described so far can be applied to any type of 
block without any restriction as to its size or functionality. However, this 
model can be further refined when considering very large blocks or blocks 
with special topologies. The idea behind this refinement is to isolate the 
influence of the input transition time and/ or the output load. If we 
consider , for instance, a very long inverter chain, it can be shown 
experimentally that if the range of the input transition time is bounded, 
there is a number N such that the transition time of the Nth inverter is 
independent of the input transition time. Therefore , the delay between the 
(N+l)th inverter and the output will be independent of the input transition 
time. Similarly, in CMOS, the influence of the output load is usually limited 
to the last gate, and, therefore, the delay up to that gate is independent of 
the load. Whenever such an isolation is possible, we decompose the delay 
from the input to the output into three delay sub-components: 
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• the input delay - T. : computed as the delay through the part 
IIlp 

of the block which was found to be sensitive to the input 
transition time. 

• the output delay - Tout: computed as the delay through the 

part of the block which was found to be sensitive to the output 
load. 

• the intrinsic delay - Tint: computed as the delay through the 

part of the block which was found to be insensitive to the input 
transition time and to the output load. 
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The delay through the block is simply computed as the sum of the three 
delay sub-components, and we can write the following equation : 

Tio(IwL) = Tinp(Itt) + TintO + Tout(L), 
where Tio is the delay from the input to the output, Itt is the input transition 

time, and L is the output load. 
Of course, if such a valid decomposition exists, we can also write: 

0tt(Itt,L) = °tt(L), 
where Ott is the output transition time function. 

The determination of the output delay can be realized by a simple 
experiment which can be included in the characterization plan as it is 
composed of these simple steps: 

1. Simulate the block for the smallest capacitance in the considered 
range 

2. Simulate the block for the largest capacitance in the considered 
range 

3. Compare the transition times at each of the nodes 

4. Include in the output delay all the components whose transition 
time differ by more than a given threshold value. 

The problem of the input transition time isolation IS somewhat more 
complicated as, in most technologies and for most gates, there is an 
influence of the input transition time on the output transition time. 
However, there are still many cases in which an input delay can be 
determined. The first class of blocks includes all the long chains of 
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combinational logic in which the high gain of the gates restricts the 
influence of the input transition time to the first part of the block. In this 
case, a experiment similar to the one described above can be performed. We 
have found, for instance, that in a ring oscillator fabricated in a MOSIS 3-
micron CMOS process, the sensitivity to the input transition time was 
limited to the first two gates, for transition times between 0.5 and 25 
nanoseconds. 

The second class of decomposable blocks deals with blocks in which, in the 
normal operating conditions, the logic specifications limits the influence of 
the input transition time . The semi-dynamic master-slave flip-flop shown in 
Fig. 4-5 is a typical example of this class. In this case, the logic 
specifications do not allow Phil and Phi2 to be "ON" at the same time and, 
therefore the sensitivity to the input transition time is limited to the first 
transmission gate and inverter. 

Inpul Delay Inlrinsic Delay Oulpul Delay 

Phil 

Figure 4-5: A semi-dynamic master-slave flip-flop. 

While during the first stage of the simulation process, we do want to see all 
of the nodes in order to verify the behavior of the circuit , once the designer 
is assured that the blocks function properly, the intermediate nodes become 
of less interest and the idea of concatenating the blocks becomes appealing. 
The delay decomposition has allowed us to develop such a block 
concatenation scheme. Let us assume that we have already fully 
characterized two blocks and decomposed their delays into the three sub­
components. Since we know the configuration of the circuit, we also know 
the output load of the first block. This load is composed of the sum of the 
capacitance of the output node and the input capacitances of all the blocks 
connected to it . Using this information, we can now replace the load 
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parameter in the Tout and the Ott functions of this first block and compute 

the values of the output delay and tran8ition time. This tran8ition time is, 
of course, the input tran8ition time of the second block and replaces the 
corresponding parameter in its T. function to allow us to compute the 

lnp 
input delay. This transfer of information between the two blocks is shown in 
Fig. 4-6 which also demonstrates the last part of the algorithm : the two 
blocks can now be concatenated and the intrin8ic delay of the resulting 
block is composed of the sum of the intrin8ic delay8 of the two blocks, the 
output delay of the first block, and the input delay of the second block. 

Load information 

T'@(SI --1 T1(S) T2 T5 T6(L) ~ 
Slope information 

--1 -11 (S) T2 + T3(L2) + T4(Sl) + T5 T6(L) ~ 

Figure 4-6: The concatenation algorithm . 

4.1.5. Nominal Simulation 

The simulation relies upon an event-driven algorithm . We define an event as 
either the beginning or the end of a transition. The beginning event is called 
8tart event, and is scheduled at the starting time while the end event -
hencefor t h referred to as end event - is scheduled at the arrival time. As a 
signal (i.e ., transition) reaches a block, we must check whether it is going to 
cause the scheduling of a transition at one of the outputs and/ or a storage 
node. The logic model will provide this information while , if there is a 
resulting transition, the timing model will allow us to compute its starting 
time and arrival time. Fig. 4-7 shows the data flow in the event scheduler . 

Unfortunately , the situation described above is only an ideal picture. The 
following cases may occur and cannot be dealt with by the simplistic 
a lgorithm described above: 
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Figure 4-7: Data flow in the event scheduler. 

1. Conflicting inputs may cause a glitch (i.e., an incomplete 
transition) at the output. 

2. Fast inputs may cause the block to temporarily enter an illegal 
state. 

3. If a block input changes while another one one is still in the 
midst of a transition, a resulting output response might be 
corrupted. 

As a result, we cannot assume anything about the outcome of a transition 
until it completes. It is not until a transition completes, i.e ., the simulator 
internal time reaches its arrival time, that the new value is entered in the 
block logic state. At this point, the legality of the new state is checked. If it 
is found to be illegal, the simulation backtracks to the previous legal state 
and, using our knowledge of the completion of the transition, re-process the 
event queue. In pathological cases, there can be multiple iterations until 
convergence is reached. Fig. 4-8 shows the iteration process which occurs as 
a result of a combination of cases 2 and 3. Each box represents an event in 
the queue. The values at the top of the box are the block logic values, and 
the arrows show the relationship between the scheduled event and its cause 
(note that the start event schedules its corresponding end event). In this 
picture, A rises and causes no change at the output . Then, B starts rising 
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A-V-- Oul=O 
8= 

Figure 4-8: An iteration scheme. 

but since A has not completed yet, B does not induce any output change 
either. When B completes (third box), its new value is entered in the block 
logic state. However, as A completes and its value is entered, we find that 
the block is in an illegal state. The simulation then backtracks to the first 
box, and the knowledge of the completion of A allows B scheduling of the 
correct output response . In this special case, we notice that the illegal 
situation is appearing again in the third box, however, this is recognized as 
being temporary (i.e., the output change is already in the queue), the 
situation is corrected, and the simulation proceeds. 

The simulation algorithm has been implemented in a software tool called 
STAT! . Below we present some simulation examples. Fig. 4-9 shows a 
simple test circuit and its decomposition into blocks. In this case, the 
models were obtained from CINNM10N. Table 4-1 shows the comparison 
between the delays computed by our simulator (column I) , a full simulation 
with CINNM10N (column II), and a full simulation with SPICE2 (column 
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Figure 4-9: A test circuit. 

a3.AY I II III 6%(1-11) 6%(1-111) 

Node 4 -> Node 6 4.89 ns 4.63 ns 4.41 ns + 5.6 + 10.9 
Node 4 -> Node 8 11.5 ns 10.9 ns 10.6 ns + 5 .5 + 8.5 
Node 4 -> Node 9 17.2 ns 16.2 ns 15.3 ns + 6.1 + 12.4 

Table 4-1: Comparison of STAT! (I), CINNAMON (II) and SPICE2 (III). 

III) . The CPU requirements were 1.7 seconds, 53.0 seconds, and 439.0 
seconds, respectively. The comparison with SPICE2 shows relatively high 
errors, but the comparison with CINNAMON sheds more light upon their 
origin: only about half of the error is to be attributed to our simulation 
method , while the other half is a consequence of circuit simulation errors 
during the characterization. The timing error incurred by our simulator is 
conservative and can be explained by the simple modeling of the input 
capacitance which , in the current implementation, is approximated by the 
constant gate capacitance. 

a3.AY SP1CE2 STAT! 6% 
Carry-in -> Carry-out 1 2.09 ns 2.27 ns + 8.7 
Carry-in -> Carry-out2 4.88 ns 5.13 ns + 5.2 
Carry-in -> Carry-out3 7.81 ns 8.04 ns + 2.9 
Carry-in -> Carry-out3 10.6 ns 10.9 ns + 2.6 

Table 4-2: Delays for the 4-bit adder . 
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The waveforms produced by STAT! (using a I-bit slice model obtained from 
SPICE2) and by SPICE2 for the carries of a 4-bit adder are shown in 
Fig. 4-10. STAT! required 1.2 CPU-seconds, while SPICE2 needed 
392.7 CPU-seconds. Table 4-2 shows the comparison of the delays computed 
by our simulator and by SPICE2. Again, it can be seen that our results are 
slightly conservative. In this case, the model was characterized by SPICE2, 
suppressing the effect of the inaccuracy of the characterizing simulator and 
significantly reducing the errors. 

Fig. 4-11 shows how glitches are handled by STAT! and it can be observed 
that the peak voltages as well as the timing of the glitches are very similar 
to those produced by SPICE2. The CPU requirements were 
1.9 CPU-seconds for STAT! and 391.5 CPU-seconds for SPICE2. 

4.1.6. Statistical Simulation 

The statistical mode of STAT! is based upon a single nominal simulation 
followed by many, much faster, reevaluations of the circuit timing for 
disturbed values of the process parameters. As opposed to the cases in which 
the nominal simulator is used as a stand-alone tool and relies on the 
nominal timing model, in this case we will perform the nominal simulation 
on the basis of the stati8tical model, evaluated for the nominal value8 of 
the process parameters. Fig. 4-12 shows a typical example of an event queue 
built by this first nominal simulation. The resulting data structures include 
not only the event queue itself, but also the cau8ality tree which relates each 
event to the event that caused it, and, for each start event, a pointer to the 
timing model that was used to compute its starting time and transition 
time . 

Thus this event queue contains the ordering of the events that happened in 
the circuit during the simulation, as well as the cause to each of them and 
the models that served in order to compute the timing data. Since those 
models are built as a function of the process parameters, if we want to alter 
the values of these process parameters, it is possible to recompute all of the 
timing data by simply reevaluating all of the models attached to the start 
events. Since the delay and the transition time computed by each of these 
models are functions of the transition time of the transition that caused 
their associated responses, that transition time is required in order to 
recompute the timing data. Fortunately, by climbing the causality tree from 
the roots to the leaves, the timing data of the causing event will always be 
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Figure 4-10: Waveforms for the 4-bit adder. 

computed before that of the resulting event. This idea IS actually 
implemented in the statistical mode of STAT! by recursively reevaluating 
the starting time and the transition time of the events according to the 
causality tree, starting from the leaves. 
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Figure 4-11: Glitch in the adder. 
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As a result of this reevaluation, the starting time and the arrival time of 
each transition are modified , possibly causing a modification of the ordering 
of the events in the event queue. While this modification is not important as 
long as it concerns unrelated events , it implies a different sequence of input 
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Model for E2-> E3 
T3(slope2.cap3.PP) 

Figure 4-12: The event queue built by the nominal simulation. 

signals and thus different output responses, when the ordering of the signals 
related to a same block is changed. Therefore, at the end of the 
recomputation of the timing data, the ordering of the events is checked on a 
block by block basis. If the ordering of the event is found unchanged, the 
timing data that resulted from the reevaluation is valid. Otherwise, if the 
new ordering causes a different output response, it simply means that under 
the given values of the process parameters a parametric fault has occurred 
in the circuit. If the output response remains the same, although it is 
important to advise the designer that the input sequence is changed, this 
fact should be detected and the simulation continued . Unfortunately, in the 
current implementation, STAT! is not able to detect this last case , and the 
simulation is aborted. 

The important features of STAT! from the statistical viewpoint are thus: 

• Implicit correlation of the computed delays 

• Fast reevaluation of the timing data for disturbed values of the 
process parameters 

• Detection of parametric faults. 

Consequently, the general area of application will include all of the problems 
that require repeated computations with slightly different values of the 
process parameters in order to predict statistical data. 

Computing the probability distribution function (PDF) of a delay is one of 
the most important tasks in the field of statistical timing analysis. For 
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instance, from the PDF of the delays in the critical path, we can deduce the 
dispersion of the maximum frequency in the manufactured circuits. By 
computing several PDFs for different values of the variance of the process 
parameter distributions, we can predict the influence of tighter control 
procedures on this maximum frequency. Of course, in this problem, the 
correct correlation of the delays is crucial in order to perform a meaningful 
analysis. The usual approach in the past has been to build a Monte-Carlo 
experiment based upon a circuit simulator. As we already mentioned in the 
introduction, this method, although it can be slightly improved by adopting 
the importance sampling strategy, should really be the last resort as it is 
the most expensive and completely neglects the information accumulated by 
previous simulations. Of course, replacing the circuit simulator by the 
nominal simulator built into STAT! would already provide a significant 
speed-up but the approach that can be taken in the statistical mode is much 
more efficient. In this case, as we explained in the first section of this 
chapter, we will run a single nominal simulation at the beginning and each 
subsequent sample will simply require the reevaluation of the event queue. 
Although the importance sampling strategy can be adopted in this case as 
well, it has not yet been implemented. Fig. 4-13 shows the PDF of the delay 
through the test circuit shown in Fig. 4-9 computed by a Monte-Carlo 
experiment of 500 samples. 

PDF 

14 16 18 20 

Delay (ns) 

Figure 4-13: Delay PDF through our test-circuit. 

The varying parameters were the transistor width W, the transistor length 
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L, and the metal line width W m' The mean and the variance were 

respectively 3 microns and 0.2 microns, 3 microns and 0.2 microns, and 6 
microns and 0.7 microns. The statistical mode of STAT! required a total of 
17.5 CPU-seconds which is composed of roughly 10 CPU-seconds for the 
first nominal simulation and 0.015 CPU-seconds for each of the event queue 
reevaluation. The same experiment , if based on the nominal simulator only 
would have thus required 500 times the nominal simulation CPU­
requirements, 5000 CPU-seconds. The same experiment, if based on SPICE, 
would have required 500 x 3000 CPU-seconds = 1,500,000 CPU-seconds, 
which is roughly equivalent to 17 days . The resulting PDF in itself offers an 
interesting indication as well: as it is not unimodal, it could not have been 
obtained by any of the statistical timing verifiers described in the 
introduction. 

4.2. An Improved Worst-Case Analysis 
Procedure2 

While it is desirable to perform a parametric yield prediction for a design 
prior to manufacture , in reality most circuit designers verify their design 
under some worst-case conditions. If IC performance under these conditions 
is still acceptable then the design moves into production. This procedure, 
called worst-case analysis, has been traditionally performed in terms of the 
electrical parameters of IC devices, such as threshold voltages and 
transconductances for MOSFET's. Such parameter sets are typically derived 
from exhaustive characterization of test structures, and are costly to 
produce. Moreover , these parameters are statistically dependent (correlated) 
random variables with a multilevel structure of variance (intra-die and 
inter-die) . In traditional approaches to worst-case analysis , the correlation 
coefficients between device parameters are not taken into account, and 
therefore IC performances are estimated for some unrealistic combinations 
of the device parameters.Hence the results of such an analysis are usually 
too pessimistic [25]. In this section we describe an improved approach to 
worst-case analysis that yields more realistic estimates of variations in 
device and circuit performances. This approach is based upon employing 
FABRICS II coupled to a circuit simulator. We also describe a software 

2This section is based on the paper • A Methodology for Worst-Case Analysis of Integrated 
Circuits· by S. R. Nassif, A. J. Strojwas and S. W. Director, IEEE Trans. on CAD of lCAS, vol. 
5, pp. 104-113, 1986 
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package that can be used to automate worst-case analysis and present some 
examples. 

4.2.1. Worst-Case Analysis Methodology 

Typically, the behavior of an Ie is defined in terms of a number of 
performances (e.g . average power dissipated in the Ie or inertial delay of a 
signal). Since each performance exhibits different sensitivity to process 
variations, a strict worst-case analysis should be carried out separately for 
each Ie performance. However, because many of the performances are 
correlated, worst-case analysis can in fact be performed for a small subset of 
performances. Furthermore, since large digital Ie's are composed of a 
relatively small number of different cell8 which are repeated many times 
within a chip, performances of these basic cells are very accurate indicators 
that can be generalized to the chip performance levels. Even the 
performances which are affected by the intra-die variations can be analyzed 
for small functional blocks (e.g. sense amplifiers in RAM's). If the timing of 
an Ie design is of main concern, a critical path of a circuit can be considered 
to include the dominant parasitic elements associated with the 
interconnections. Hence, for most practical circuits we can restrict our 
attention to subcircuits of such a complexity that a worst-case analysis can 
be performed quite efficiently. 

The choice of a subset of the independent random disturbances for worst­
case analysis can be made based on the 8en8itivity of circuit performances 
to each disturbance. Thus, given a set of performances Pi' i=1, .. ,np ' and a 

set of disturbances D., j=I, .. ,nD, the normalized sensitivity of P. to 
J 1 

disturbance D. can be written as: 
J 

bP. D. 
I J 

s .. = -- (4.1) 
IJ bD. P. 

J I 

We would like to use the sensitivity s . . in order to (1) determine whether we 
IJ 

need to consider the disturbance D. in calculating the worst-case for 
J 

performance P.; and (2) to find the direction in which D. must be adjusted 
I J 

to cause the performance to become wor8e with respect to con8traint8 
placed on that performance. For example, if we have a constraint on the 
delay through a combinational logic block of the form td I < t then 

e ay - max 
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increasing td I would be equivalent to making it worse. We will refer to e ay 
these directions as word-ca8e direction8 , such that adjusting the 
nominal value of a disturbance D. in the worst-case direction (i .e. increasing 

J 
or decreasing D .) would cause P. to become worse . 

J I 

A local estimate of s .. can be calculated by perturbing D. by LlDJ., and 
IJ J 

calculating the change in performance LlPi, thus: 

LlP. D. 
I J 

S .. ~----. 
IJ LlD. P . 

(4 .2) 

J I 

Since Eq. (4.2) gives only a local measure of sensitivity, it cannot be used to 
determine a worst-case direction in cases where the relationship between Pi 

and D. is non-monotonic. Furthermore, even in case where the relationship 
J 

is monotonic, but highly non-linear, local measures of sensitivity may be 
misleading when trying to determine whether we need to consider 
disturbance D. in calculating the worst-case of performance P. . Fig . 4-14 

J I 

shows two examples in which local measures of sensitivity can result in 
significant errors. 

Disturbance Disturbance 

Figure 4-14: Performance dependence on disturbances . 

In order to get a better estimate of sensitivity, we examine the behavior of 
P. over a wide range of values of D .. In particular, we calculate P. for a 

I J I 

number of values of D., ranging from D~in to Dmax . At this point we have a 
J J J 

table of values for the disturbance D . and corresponding performance P .. We 
J I 

can use such a table to determine whether or not a disturbance needs to be 
included in the calculation of the worst-case for a performance Pi based on 

the relative effect that D. has on P.. We can also use such a table to 
J I 
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determine the worst-case direction if the relationship is monotonic, as our 
experience has shown most to be . For cases where the relationship is non­
monotonic, we generate regression polynominals fitting P. to D. over the 

I J 

interval D:nin to D:nax, and use such polynomials to find regions where the 
J J 

relationship is monotonic, and thus identify one or more worst-case 
situations. Fig. 4-15 shows an example of how such a polynomial may be 
used. 

Original Relation 

Fit 

Disturbance 

D. 
min 

o 
max 

Figure 4-15: Using polynomial models. 

Once the sensitivities of all performances to all ~isturbances have been 
calculated, and the worst-case directions for all the disturbances are 
determined, the worst-case for the performance may be calculated by 
adjusting all the disturbances in their worst-case directions. Weare left 
with the task of determining the magnitude of the change required in each 
disturbance, and the probability corresponding to the particular combination 
of worst-case s. 

We assume that we have a subset of nwc disturbances, which we are 

including in the worst-case analysis, and that for each disturbance D. we 
J 

have a worst-case direction u. defined as: 

u. = 1 
J 

J 

if increasing D. causes P. to become worse 
J I 

u. = -1 if decreasing D. causes P . to become worse 
J J I 

Furthermore, we assume that we have identified the joint probability 
density function (J?DF) of the disturbances by tuning FABRICS to a 
particular IC manufacturing process. The JPDF of process disturbances is 
represented by the means and standard deviations of a hierarchical gaussian 
distributions, with the multiple levels corresponding to natural divisions in 
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the process, i.e., intra-chip, inter-chip, inter-wafer and inter-lot. If we 
restrict ourselves to only one level, then each disturbance D. can be 

J 
represented by a single gaussian distribution with mean fl. and standard 

J 
deviation (I .. 

J 

4.2.1.1. Algorithm for Worst-Case Analysis 

In worst-case analysis, we are interested in determining the worst-case 
performance of a design, given a set of process disturbances modeling a 
particular manufacturing line. The tasks involved in worst-case analysis, 
namely the determination of a subset of disturbances, as well as the 
magnitude and direction of an adjustment in each of these disturbances to 
simulate the worst-case for each performance are illustrated in the following 
algorithm: 

simulate the nominal performances of the circuit P 

for each disturbance OJ 

perform perturbation analysis varying OJ 

for each performance P1 

calculate the sensitivity of P1 to OJ 

for each performance P1 

adjust disturbances in the worst-case direction for P1 

simulate worst-case p;c 

4.2.2. A Software Package for Worst-Case 
Analysis 

WORCAN is a package of programs that performs worst-case analysis 
within the FABRICS-II/ SPICE simulation framework . We now describe 
briefly each of the components of WORCAN. 

Given the layout of the circuit, and a description of the manufacturing 
process, by performing process/device and circuit simulation, WORCAt"'l 
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produces voltage and current waveforms, from which the desired circuit 
performances can be extracted . 

In this subsection we describe the extraction of timing, power and other 
performances from simulated waveforms. The tools implemented for this 
purpose are: 

extract 

wed 

this program reads SPICE output files and generates binary data 
files for use by the performance extraction package, as well as by 
a variety of plotting programs. 

is a waveform editor that allows the user to interactively (or by 
a command file mechanism) specify a set of measurements to be 
made on any or all waveforms. Such measurements may be any 
of: 

1. Time(s) corresponding to a waveform crossing a given 
threshold, e.g., times when a voltage waveform 
crosses 2.5 V. 

2. Value of waveform at a given time. 

3. Peak(s) of a waveform, e.g ., peak supply current . 

4. Average of a waveform, computed as the integral of 
the waveform divided by the total time. 

fed is a performance editor that reads wed output files and 
performs operations, interactively or through a command file, to 
calculate performances based on the measurements made on the 
waveforms, e.g ., rise time can be calculated as the difference 
between the waveform crossing two prescribed thresholds. fed 
also allows the user to calculate arbitrary mathematical 
expressions with wed measurements as variables . 

The program rng acts as a supervisor for worst-case analysis . It prompts 
the user for a set of disturbances to be included in the worst-case analysis, 
perturbs each in turn and extracts the performances for each value. A table 
of performances corresponding to the perturbed values of each disturbance is 
produced. Using this table , rng will check the monotonicity of each 
performance/ disturbance relationship, and output warnings for cases where 
the worst-case situation is not well defined. rng will also produce a matrix 
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of sensitivities and worst-case directions for all performances, and will 
simulate the worst-case for each performance. Fig. 4-16 shows an overview 
ofWORCAN. 

Process Disturbences 

;::=::::E==~ Device Peremete-rs 

SlmulotJon Commonos 

Voltoge/Current Woveforms 

DeSired PerformenCH 

Perf ormences 

Figure 4-16: WORCAN system. 

4.2.3. Examples 

In this subsection we present three examples of the application of this 
methodology, and compare the results against those generated by the 
traditional method of performing worst-case analysis with respect to device 
parameters, and by Monte Carlo methods. 

A major concern in any such approach is the computational cost required, as 
well as the accuracy of the results obtained . By far the largest component, 
typically greater than 90%, of the overall computational cost in the 
application of any worst-case analysis methodology, is the cost of circuit 
simulation. Two approaches can be used to minimize this cost: 

• Simulate only critical portions of the circuit, such as a critical 
path in cases where delays are critical. 

• Find the set of process disturbances that correspond to the 
worst-case performance of a small sub-circuit, such as an 
individual gate, and use that set to simulate the worst-case 
performance of the overall design. This eliminates the cost of 
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finding the sensitivities of individual design performances, but 
relies on the assumption that generic worst-case files (e .g . 
increased power dissipation, or decreased speed) can be generated 
and will be valid across a range of designs. This is similar to 
some of the worst-case approaches which use a variety of device 
parameter sets, such as fast, slow, high-power, to generate worst­
case performances. For cases where the worst-case performances 
depend on the matching of devices, however, worst-case 
parameters must be defined at two levels, such as intra-chip and 
inter-chip. 

Inverter Chain. 

Vdd 

Input Output 

Gnd 

Figure 4-17: Inverter chain. 
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Fig. 4-17 shows a chain of 5 CMOS inverters with loads on each output. The 
performances of interest were the total delay and the power dissipation as 
the input to the chain is pulsed. The computational costs of the various 
phases of performances evaluations, on a V AX-ll / 785 running UNIX 4.2 bsd, 
were: 

1. Process/ Device simulation (FABRICS-II): 1.1 sec . 

2. Circuit simulation (SPICE 2G7): 39.5 sec. 

3. Performance extraction (extract/ wed/ fed) : 0 .7 sec. 

For comparison, the worst-case performances were calculated by three 
methods: 

• With respect to device parameters , i.e., we applied a similar 
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methodology of finding sensitivities of the performances to each 
device parameter , determining a worst-case direction, and 
finally simulating a worst-case situation . 

• With respect to process disturbances, as outlined above . 

• Using Monte Carlo analysis. 

For this example, we chose the 20" points of both the process disturbances, as 
well as the device parameters , as the cutoff point for the analysis. The 20-
points for device parameters were generated by running FABRICS for a 
large number (250) of devices, and extracting the distributions of all device 
parameters. Fig. 4-18 shows a histogram of the threshold voltage of a p­
channel device, showing the mean and the ± 20- points. 

30 
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Figure 4-18: Histogram of p-channel thereshold voltage . 

The device parameters used in this worst-case analysis were the lengths, 
widths and the intrinsic transconductances of both the Nand P type 
devices. Table 4-3 shows the results of simulating variations of ± 20" in the 

chosen device parameters on the performances3, which were the total delay, 

3In the actual simulations both the ± 1" and the ± 2" were simulated. 
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rise time of the last node in the chain, and total power dissipation. The 
worst-cases , for delay and power dissipation, were simulated by adjusting 
all device parameters 20" in the worst-case direction, and are also shown in 
the table. Since device parameters are not independent, this analysis results 
in an unrealistic combination of device parameters. 

t.otal rillie tota.l 
dela.y t1me power 
(ns) (ns) ( .. W) 

We-delay we-powe r 
N-KP . 6 . 552 1 . 3145 0 . 3269 
NOII.INAL 7 . 059 1. ~226 o 3282 
N-KP - 7 _ 691 1. 61 o 3318 . 
P-KP . 6 . 634 1 3703 0 . 3215 
NDY-IHAi. 7 . 059 1 . 4228 o 3262 
P-KP - 7 . 466 1 530 0 . 3245 

L-P · 8 61 1 613 o 356. . 
NOMINAL 7 059 ·1 4228 o 3282 
L-P - 5 . 5451 1 . 2839 0 . 3 160 

L-N · e 055 62. o 3489 

NOI-!INAl. 7,059 . 4228 0 . 3282 
L-N - 6 . 0655 1 2502 o 3096 

""-N' · 6 . 796 1 . 3045 o 3704 
NOY.INAL 7 . 059 . 4228 0 . 3262 
WoN - 7 717 1 706 0 . 2897 

'Worst ca.se for dela.y 12 3S :2 _ 291 o 3017 
"'OfCt. cas. for power 11 . 02 1 87. o 4430 

Table 4-3: Performance of inverter chain versus device parameters. 

We performed a worst-case analysis with respect to process disturbances, 
and Table 4-4 shows the results of simulating variations of ± 20" in the line­
width variations in the nitride and polysilicon layers, the diffusivity of 
boron, the linear dry oxidation rate, and the substrate concentration. Again , 
the worst-case performances are shown. 

For the Monte Carlo analysis, we used FABRICS-II and SPICE to generate 
250 samples of the performances. Two analyses were performed, in the first, 
we considered only geometric process disturbances, i .e., photolithographic 
line-width variations and misalignments; while in the second analysis, all the 
process disturbances were allowed to vary. Fig. 4-19 and Fig. 4-20 show 
histograms of the power dissipation in the inverter chain corresponding to 
the first and second analyses, respectively. It is clear from the figures that 
the variations in dimensions constitute only a part of the overall variation in 
the performances. 

Table 4-5 shows a comparison of the worst-cases generated by the three 
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t.c)tal r16e t.ot.al 
cHla.y t.11D~ power 
(ns) (ns) (.,w) 

We-de lay we-powe:-
l1new14t.h nl tride . 7 1~1 1 . 126 0 . 3]]6 
NOII.INAL 7.059 4228 0 . 3282 
l1new1dth nlt-rlde - 6.885 . 4131 0 . 3400 

llnewldth poly . 6.3918 1 4147 0 . 3200 
NO!l.INAL 7 059 1 4228 03282 
11ne"'ldt.n poly - 7 778 1 5<l o 34.(,0 . 
dl!tuClYltJ boron . 7 . ]51 . 426 0 . 3286 
NOIIINAL 7 . 059 4228 0 . 3282 
d1!fuclvlt.T boron - 6 799 1 4269 0 . 332. 

llnea.r-dry o:z:lda.tlon . 7 .,2 1 . 628 0 . 2969 . 
NO~INAL 7 . 059 1 4228 0.3282 
llnea.r-dry oxlda.tlon - 6 672 1 3291 0 . 3809 

cone 1n cub·6tra.te 6 953 1 4463 0 . 3257 
NO~lNAL 7 059 1 4228 o 3282 
cone 1n cubs tra te - 7 118 1 <27 o 3276 

~'o r' t ca.se tor de lay .,9 738 o 29.;8 

"'·orst ca.se tor po wer 67 2098 o 3791 

Table 4-4: Performance of inverter chain versus process disturbances. 

1Il JItMK' •• O.lD •• 0.038 

10 

0.25 0.3 0.35 0.4 

Figure 4-19: Power dissipation for first Monte Carlo analysis. 

methods described above. We first show the nominal performances, then the 
worst cases for the delay and power generated with respect to device 
parameters and disturbances. Note that the worst-case performances 
generated with respect to device parameters are significantly more 
pessimistic than those generated with respect to process disturbances. 
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IOoII!K' •• O.3lJ •• 0 .015 

'" 

10 

0 .25 O.J 0.35 0.' 

Figure 4-20: Power dissipation for second Monte Carlo analysis . 

total total 
delay power 
(ns) (mW) 

NOMINAL 7 . 059 O. 328 

Device Para.met.ers 
Worst. case for delay (12 . 35) 0 301 
worst case for power 11 . 02 (0 443) 

Dist.urbances 
Worst case for delay (8 459) O. 295 
Worst. case for power 5 67 (0 . 379) 

Monte-Ca.rlo Analysis with geomet.r1c d1sturba.nces only 
mean 7 .041 0 . 323 
Sigma 0 262 0 008 
5 . 7 sigma pOint delay (8 534) 
5 . 7 Sigma pOint power (0 . 369) 

Monte-Carlo Analysis with all d1sturbances 
mean 7 .041 O . 330 
sigma 0.314 0 .015 
5 . 7 Sigma pOint delay (8 . 831) 
5.7 s1gma point power (0 . 412) 

Table 4-5: Worst-Case performances of inverter chain. 
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CMOS VCO. 

Vdd ----~--~-+~----~~~~--~----------------r_ 

Eneble 

Figure 4-21: Circuit for CMOS VCO . 

Fig. 4-21 shows a simple implementation of a CMOS voltage controlled 
oscillator. In this example, we calculated the worst-case frequency, assuming 
we wanted to maximize frequency, and using the first two methods 
illustrated in the previous example, namely with respect to device 
parameters and process disturbances . 

The nominal frequency of oscillation, with the reference voltage derived 
from an inverter with its input and output tied together, was 46.4 MHz. 
Note that the frequency, for this circuit, depends both on DC (the reference 
voltage) and AC (delay times through the stages) performances. 

The device parameters used in the analysis were the lengths and widths and 
the transconductances of both the Nand P type devices . The worst-case, 
simulated by adjusting all device parameters 20' in the worst-case direction, 
was 24.0 MHz. We performed a worst-case analysis with respect to process 
disturbances,and the disturbances simulated were the line-width variations 
in the nitride and polysilicon layers , the diffusivity of boron, the linear and 
parabolic oxidation rates, and the substrate concentration. The worst-case 
frequency in this case was 29.8 MHz. 

NMOS RAM. 

For this example, we simulated one storage cell of 16-bit x 64 RAM 
implemented in a 4 micron NMOS technology. The simulations included the 
address decoding circuitry, storage cell, bit line precharge, as well as the 
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sense amplifier. The performances calculated were power dissipation, peak 
supply current, as well as read and write access times. 

Again the analysis was performed with respect to both device parameters 
and process disturbances . For the device parameters, the worst-case device 
parameters were the threshold voltages, intrinsic transconductances, and 
bulk coefficients of both the enhancement and depletion devices. The worst 
case disturbances were the line-width variations in the nitride and 
polysilicon layers, the diffusivities of boron and arsenic , the linear dry 
oxidation rate, and the substrate concentration. 

For this analysis, worst-case parameters were shifted by 1 0". The results of 
this worst case analysis are presented in Table 4-6. It can be seen that the 
worst-case calculated with respect to device parameters is significantly more 
pessimistic than that calculated with respect to the process disturbances . 

power (mW) Ipeak (lIlA) Twrit.e (ns) Tread (ns) 

nominal 1 . 45 1 1 16 . 9 23.8 

worst. case for each performance with respect. t.o process dlst.urbanceE 

power 2. 28 1 .8 13 . 6 15 7 
Twrlte . 17 0 .85 20 . 8 28 6 
Tread 1 .17 O. 85 20 . 8 28 . 6 

... ·orst. case for each performance with respect to device paramet.ers 

power 2 . 30 1 9 12 7 25 5 
Twrlt.e 0 . 76 0 53 27 0 28 0 
Trea.d 0 . 95 0 70 17 5 31 0 

Table 4-6: Results of worst-case analysis for NMOS RAM. 
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4.3. Optimal Device and Cell Design Using 
FABRICS4 

The complexity of VLSI circuits is such that more stringent restrictions are 
being imposed on the allowable variations in performance of semiconductor 
devices and subcircuits. However, at the same time, the performance of 
scaled down devices employed in VLSI circuits is more susceptible to the 
unavoidable random fluctuations which occur in the manufacturing process. 
In order to achieve satisfactory production yield, both process and device 
designs have to be optimized with these variations in mind . 

With current top-down design methodologies, where functional blocks or 
cells are used in hierarchical fashion to assemble a design , it is possible to 
optimize individual cells to comply with constraints propagated from the 
higher design levels, e.g . constraints on the delay through some group of 
functional blocks, or the area of a cell. These constraints must be met by 
modifying the geometry of the design, i.e., it is assumed that the topology of 
the cells is fixed , but that some layout parameter8 (e.g. ratios of inverters) 
may be varied. Thus the concept of a parameterized cell, which would be a 
cell of fixed topology, with some variable geometrical features. Another 
group of parameters that have been traditionally used for optimizing the 
design are the model parameters of the IC components . However, since these 
parameters are in reality statistically dependent, the parameters controlling 
the fabrication steps must be used as designable parameters [72]. Clearly, 
the process parameters must be common for the entire circuit while the 
layout parameters can be set for each cell separately. 

In this section we restrict our considerations to the optimization of the 
performance of a single cell. The optimization problem can thus be stated as 
finding the set of designable variables (process and layout parameters) which 
minimize some objective function (e.g. total power dissipated, delay time), 
while some constraints are placed on cell performances (e.g. noise margin) 
and geometry (cell area, aspect ratio) . Since the performances are random 
variables, this is a statistical optimization problem. 

4This section is based on the paper "Optimal Design of VLSI Minicells Using a Statistical 
Process Simulator" by A. J . Strojwas, S. R. Nassif and S. W . Director, In Proc. of 1983 ISeAS, 
May, 1983 
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4.3.1. Proposed Methodology 

The probability density function (pdf) of cell performances depends on the 
designable parameters and process disturbances which represent random 
fluctuations inherent in the manufacturing process. These fluctuations cause 
small variations in device parameters within a cell (intra-die variations) 
and, more significant, inter-die variations; which, combined, determine the 
parametric yield value. To solve the above statistical optimization problem , 
we have to determine the dependence of the pdfs describing cell 
performances on the design variables, with fixed pdfs for process 
disturbances. Since this dependence is not explicitly known, the problem 
involves a Monte Carlo simulation. Samples of device model parameters 
must be generated for each cell and then a circuit simulation (e.g. using 
SPICE) has to be performed. This process has to be repeated for a number 
of dies to obtain a sample of cell performances sufficiently large to estimate 
the pdf. 

The key to the successful solution of the above problem is the availability of 
a statistical process simulator, such as F AERICS II. Due to its 
computational efficiency, the evaluation of the objective function and the 
constraints becomes a feasible task . However, this approach would lead to a 
prohibitive computational cost (due mainly to circuit simulation), especially 
if the optimization algorithm requires the evaluation of gradients of the 
objective function and the constraints with respect to the designable 
variables. Therefore, we propose another approach, in which a statistical 
optimization problem is transformed into an equivalent deterministic one. 

Consider now the pdf of some cell performance. Since this pdf changes with 
changes in the designable variables, we have to re-estimate the distribution 
at each iteration in the optimization process. However, if we make the 
assumption that the type of the pdf remains the same, it is sufficient to 
extract the dependence of the moments of the pdf on the design variables. 
Specifically, we can establish a nonlinear regression model relating moments 
of the pdf of a given performance (e.g. mean value and standard deviation 
of the delay time) to the design variables. 

To build the regression model , an efficient plan of experiment can be 
designed in which samples of the cell performances are evaluated for a small 
number of combinations of designable parameters. Performance evaluation is 
performed via process and circuit simulations. Moments of pdfs are 
estimated for each sample corresponding to a set of designable parameters. 
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Then the moments are used to build a least-squares regression model. Once 
the model is established, it can be used for efficient optimization of an 
arbitrary function of circuit performances, thus the evaluation of the 
objective function, constraints and their gradients becomes very inexpensive. 

4.3.2. Description of Experiment 

To illustrate the methodology presented above, we now describe an 
experiment where the proposed approach was applied to an NMOS inverter. 

The designable parameters considered were: 

• ratio of pullup transistor length to pulldown transistor width, Xl 

• minimum dimension, X 2 

• gate oxidation time, X3 

• depletion threshold implant dose, X,r 

The performances that were considered were the power dissipation and the 
rise and fall times of the inverter. The power was taken as the average 
power over one transition cycle, while the transition times were estimated 
between 10% and 90% of the supply voltage. 

FABRICS-II was tuned to an NMOS process, i.e ., a set of disturbances was 
identified to fit FABRICS-II output to measured data from the process. The 
assumption is that these disturbances do not change as the process 
parameters are varied around the nominal operating point. FABRICS-II 
reads an input file containing the description of the circuit, filling 
model-templates (for this case, SPICE MOS transistor template) with 
element model parameters. An example of FABRICS-II input and output 
files is shown in Fig. 4-22, for a single inverter. 

For the experiment, we considered a wafer consisting of 25 test chips each 
comprised of 12 inverters with various geometries. Fig. 4-23 shows the 
sequence of steps taken for each of the wafers. First FABRICS-II was used 
to generate the model parameters for each of the chips, then SPICE was run 
to produce circuit voltage waveforms, extraction routines were then used to 
compute the transition times and power dissipation. 

The intervals over which the design able parameters were varied are given 
below , with the number of points taken over each interval: 
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Input file for F ABRICS-ll 
* NMOS inverter 
vdd 1 0 S.O 
vin 2 0 pwl(Ons 0 10ns 0 20ns S SOns S) 
ml0 1 3 3 0 d 1=12 w=6 
mll 3 2 4 0 e 1=6 w=12 
.tran lns SOns 
.print tran v(4) i(vdd) 
. end 

Output file produced by FABRICS-ll 
* NMOS inverter 
vdd 1 0 S . O 
vin 2 0 pwl(Ons 0 10ns 0 20ns S SOns S) 
ml0 1 3 3 0 dl0 1= 1.20e-OS w= 6.00e-06 
. model dl0 nmos 
+vto=-2.69Se+00 kp= 4. 923e-OS gamma= 1.213e+OO 
+tox= S.S9ge-06 nsub= 1 .660e+16 nss= 1 . 932e+l0 
+ xj= 8 . 710e-OS Id= 3.834e-07 uo= 7.986e+02 
+ js= 4 . 090e-ll egd= 2.363e-12 egs= 2.363e-12 
+egb= 4 . 8S6e-12 ebd= 2.0S2e-06 ebs= 2.0S2e-06 
+phi=-7.196e-Ol nfs= 1.091e+l0 uerit= 6 . 241e+04 
mll 3 2 4 0 ell 1= 6.00e-06 w= 1.20e-OS 
. model ell nmos 
+vto= 1.020e+00 kp= S.893e-OS gamma= 3.227e-Ol 
+tox= S.791e-06 nsub= 1.09ge+1S nss= 1.914e+l0 
+ xj= 9.103e-OS Id= 4.77Se-07 uo= 9 . 88ge+02 
+ j s= 4.330e-ll egd= 2 . 846e-12 egs= 2.846e-12 
+egb= 4.781e-12 ebd= 2 . 01Se-06 ebs= 2.01Se-06 
+phi= S.792e-Ol nfs= 1 . 086e+l0 uerit= 3 . 16Se+04 
.tran lns SOns 
.print tran v(4) i(vdd) 
.end 

Figure 4-22: Example of FABRICS-II input and output files . 
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Designable Parameters 

Model Parameters 

Output Waveforms 

Circuit performances 

STATISTICAL POSTPROCESSING 

Figure 4-23: Computation flow for the experiment. 

oxidation time (sec) 
threshold dose (cm-2) 

minimum dimension (Jlm) 
pullup/pulldown ratio 

1000 to 1750 
1.5E12 to 1.9E12 
2to5 
3to5 

4 values 
3 values 
4 values 
3 values 
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4.3.3. Building the Regression Model 

Statistical post-processing was used to produce the mean and variance of the 
performances for the inverter under all possible combinations of the 
designable parameters. Since the parameters of concern varied over many 
orders of magnitude {e.g. threshold dose and minimum dimension}, the data 
was normalized with respect to the mean value of each sample. 

Based upon the post-processed data, we built a non-linear regression model 
relating the moments of the probability distribution of the performances to 
the designable parameters. A least-squares regression algorithm was used , 
where the regression model was assumed to be a second order polynomial. 

The results of the regression are shown in Table 4-7. The fit was evaluated 
using the multivariate correlation coefficient p [54]. It was found that, while 
models for power and rise time exhibit a good fit, the model for fall time 
has a lower correlation. This can be explained by the smaller dependence of 
the fall time, which is usually much smaller than the rise time, on the model 
parameters of the transistors. 

Jl{P} 
O"{P} 
Jl( T } r 

0"( Tr} 

Jl( Tf } 

O"{ Tf } 

mean value of power dissipation 
standard deviation of power dissipation 
mean value of rise time 

standard deviation of rise time 

mean value of fall time 

standard deviation of fall time 

p= 0 .99 
p= 0.70 
p= 0.99 

p= 0.50 

p= 0.80 

p= 0.66 

Table 4-7: Correlation coefficients for performances. 

The expressions obtained for performances with the highest correlations are 
shown below: 

Jl{P} = 6.6-3.25Xl-·58X2-5.5X3- ·69X4+·92Xi 

+.15X;+2.2X;+.383X;+.2X1X2+·5X1X3 

Jl( Tr} = .29X1 +.875X3-·655X4-·67 4X; 

+. 3X; + .7 35X1 X3 + . 188X2X3 

(4.3) 

(4.4) 
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From the expressions above , we found that the sensitivity of performances 
to the designable parameters was indeed as expected (e.g. strong dependence 
of rise time on gate oxidation and ratio) . 

4.3.4. Performance Optimization 

In the final step, an implementation of the Han-Powell optimization routine 
[92] was used to optimize the performance of the inverter, using the macro­

models built in the previous steps. In particular, we optimized the product 
of power dissipation and rise time, subject to constraints on area, power and 
rise time, as well as box constraints on the designable parameters. This is 
illustrated below, where we state the optimization problem, and show the 
optimums found, as well as the constraints applied: 

subject to: (not e that all values are normalized with respect to their mean 
values) 

box constraints on designable parameters 

0.75 < Xl < 2.0 

0 .75 < X2 
0.75 < X3 < 1.5 

0.8 < X4 < 1.2 

cell area: X;(4+X I } < 24 
power: Jl(P}+cr(P} < 1 
delay : cr( Tr}/ Jl( Tr} < 0.1 

The solution was obtained in 5 iterations (6 objective function evaluations); 
the objective function attains a minimum value of 0.94 for the following 
va lues of the designable parameters: 

Xl = 0.873 
X 2 = 0.75 

X3 = 1.17 
X 4 = 0.96 
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Note that the optimum value of the minimum dimension was at the 
constraint specified. This was caused by the fact that the lithography 
parameters in FABRICS-II (controlling line-widths and misalignments) were 
relatively small compared to the dimensions of the devices, and so had little 
effect on the variations in performance. 

The example was run on a V AX-780 with floating-point-accelerator , under 
UNIX. The table below illustrates some of the computation times . 

FABRICS-II 2.7 CPU seconds per chip 

SPICE 32 CPU seconds per chip 

REGRESSION 2.9 CPU seconds per model 

OPTIMJZATION 14 CPU seconds. 

Clearly, most of the computational effort is devoted to the circuit simulation 
and thus with the availability of faster (multilevel) simulators the efficiency 
can be drastically increased. 



Chapter 5 
Functional Yield 

5.1. Introduction 

In Chapter 1 we observed that functional yield losses, i.e., yield losses that 
are found during functional testing, are primarily due to local process 
disturbances (also called spot defects , point defects or random defects ). 
Models that relate functional yield losses to a statistical characterization of 
spot defects have been studied since the early 1960's. Such models were 
developed to predict manufacturing yield by using defect densities extracted 
from an existing product. These models proved successful [111] for memory 
designs where defect densities extracted from one memory design could be 
used to predict yield of another memory design . The accuracy of predicting 
yield for this case was satisfactory because the topologies of the two 
memories were usually similar. 

Unfortunately, this approach to yield modeling is not practical for VLSI 
circuits other than memories i.e., circuits in which the diversity of layout 
styles is large. Consequently, the sensitivity of performance to spot defects 
varies from one design to another and therefore information about defects 
extracted from one design may be inadequate in predicting yield for another 
design. Thus we are motivated to consider a methodology for predicting 
functional yield losses by using a product independent characterization of 
spot defects as well as precise analysis of the behavior of the defective IC. 
Towards this end, several yield prediction methodologies have recently been 
developed [66, 111, 112, 125, 73, 31, 32]. In this chapter we describe these 
approaches. 

We begin our discussion by considering defect characteristics in more detail. 
Three yield modeling techniques are then introduced. The first of these uses 
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analytical formulas to describe the probability of the functional failure of an 
IC in which a spot defect has occurred. In this technique, the IC layout is 
represented by a "virtual layout" which is topologically equivalent to the 
original layout but is simpler to use in computations. The second approach 
employs a straight forward Monte Carlo technique . In this approach the 
original IC layout is disturbed by randomly placed regions of extra or 
missing material that represents defects. The defective layout is then 
analyzed to determine the electrical consequences of the occurrence of the 
defect . In the third technique, yield is computed by an analytical formula 
that describe the probability of fault occurrence in the regions that are 
prone to spot defects. This approach results in significant simplifications in 
yield computation with relatively small loss of accuracy . 

5.2. Basic Characteristics of Spot Defects 

A spot defect is a randomly occurring region of extra or missing material in 

a layer used to fabricate an IC . l In this chapter we assume that spot defects 
have a disk shape. Not every defect causes malfunction of a circuit. 
Malfunctions occur when defects cause faults , i.e. when there is an error in 
the functional behavior of a circuit. This distinction is important because 
yield loss only occurs when there are faults. It is also important to 
distinguish between contamination and defects . Contamination can cause 
defects . For instance, a particle of any material deposited on the surface of 
a wafer is contamination. Whether or not contamination causes a d efect 
depends on its physical nature and when in the process it was deposited. In 
general , the relationships between contamination, defects and faults are 
complex . 

To simplify the discussion in this chapter we will be primarily concerned 
with the relationship between defects and yield although in some cases we 
will deal with faults. Of particular interest are those defects that can cause 
changes in IC topology which in turn cause changes in the DC operating 
point. Examples of such defects are extra and missing material defects, 
oxide pinholes, and small areas with excessive junction leakage [110, 73]. 

1 Actually . in our approach . any process imperfection that can be characterized as local 
disturbance (defect) in the actual artwork of an IC layer can be included. An example of such 
an imperfection is a pinhole in the gate oxide or a crystal dislocation that causes leakage 
currents in a p-n junction. 
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5.2.1. Defect Mechanisms 

As was discussed in Chapter 1 there exist a large variety of causes for 
defects . For instance, extra and missing material defects are caused by dust 
particles on a mask or on the surface of the wafer. During photolithography 
steps these particles lead to unexposed photoresist areas, or resist pinholes 
resulting in unwanted material or unwanted etching of material on a layer. 
For this reason such defects are sometimes referred to as photo or 
lithography defects [108]. These defects may occur in any layer but they 
are especially likely to occur in the poly, diffusion , metal , and via layers. 
Oxide pinholes are formed where contamination, crystal defects, or nitride 
cracking has occurred. Junction leakage defects are caused by crystal 
defects or contamination of the crystal lattice at the diffusion junction. 

In genera l, for yield prediction a number of important defect characteristics 
are needed . First and most important, is the density of the defects , or the 
average number of defects per unit of area. If density of defects is 
nonuniform than a description of the nonuniformity is needed as well. The 
density of defects may also vary between the layers of an IC. For instance, 
it is a commonly observed phenomenon that the density of defects in the 
second metal layer are much higher than for example in the field oxide 
layer . Consequently, for adequate yield prediction the densities of defects 
per layer should be known . Finally, in any performance oriented yield 
analysis it is necessary to know defect size . This is important because 
electrical manifestation of the defect cannot be determined unless the defect 
size is known. In the remainder of this section we investigate the 
characteristics of spot defects. 

5.2.2. Defect Spatial Distribution 

In some processes defects tend to cluster within wafers, between wafers 
within a lot and / or between lots , due to time and space-varying particle 
concentrations in the air and chemicals used for fabrication . The spatial 
distribution of such defects can be modeled by a negative binomial 
distribution [107]: 

( a + x - I) (A / a)X 
Pr (x) = 

a-I (I+A / a)x+a 
(5 .1) 



178 

where x is the number of defects per wafer, 
defects, and a is the clustering coefficient 
binomial becomes the Poisson distribution. 

FUNCTIONAL YIELD 

A is the expected number of 
When a -+ 00, the negative 

One can also use a two-level negative binomial distribution to describe the 
number of defects on a wafer. The first-level distribution models the 
variance between lots, and the second level models the variance between 
wafers within a lot. 

It has also been observed that there exists nonuniformities of defects within 
wafers. A radial distribution in defect density [131, 41, 50J has been 
reported by several researchers. Failures are usually much more common in 
areas adjacent to the wafer edge than in other parts of the wafer. This 
feature may be, however, process specific and there are reported cases [71J in 
which the maximum density of the defects was located in the center of the 
wafer. 

Generally, simple statistics are not sufficient to describe the phenomenon of 
defect spatial distribution. To model this distribution correctly a 
hierarchical model was proposed [18J. This model considers the effects of 
globally nonuniform distribution at the wafer level, local clustering at the 
chip level, and uniform distribution at the cell level. We will now describe 
this model in more detail. 

Chip Level 

On the chip level, defects are assumed to be affected by clustering. Instead 
of using compound or negative binomial statistics, this effect can be modeled 
as shown in Fig. 5-1, where D is the number of defects on a chip, and A, A c' 

and Ad' represent the area of chip, macrocell, and device, respectively. 

In order to model clustering, it is assumed that defects land on a cell one 
after another. Let X be a random variable which denotes the number of 
defects occurring on the cell . Also let Fr{xIX = i-I} be the conditional 
probability for the ith defect occurring on the cell which already has ( i-I) 
defects. Then it is assumed that: 

• ASSllInption 1: 
Fr{xIX = O}, the probability for the first defect is proportional 
to the cell area, Ac' In other words, we assume that uniform 

distribution rather than defect clustering prevails for the first 
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Chip: A 

Cell: A c 
{} 

~DeViCe: Ad 

Figure 5-1: Hierarchical nature of Ie layout . 

defect . 

• Assumption 2: 
Pr{xIX = i-I} is a monotonically increasing function of the 
random variable X, i .e. Pr{xIX = a} < Pr{xIX = b} , when a 
< b . 

• Assumption 3: 
Pr{ xiX = oo} approaches 1 as X approaches 00. Thus if there 
is already a large number of defects in the cell , the next defect 
will likely occur in the same cell due to very strong clustering. 
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Similar assumptions can be made for Pr"{xIX = i-I} which is the 
conditional probability for the ith defect landing within the area (A-A) that 

c 
already has (i - 1 ) defects. We can write the following equations: 

P = Pr{xIX=O} = erA 
1 c 

Pi = Pr{xIX = i-I} > Pi - 1 (5 .2) 

P = 1 
00 

and 
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• • PI = Pr {XiX = O} = a(A-Ac) 

P~ = Pr' {xiX = i-l} > P~ 1 
1 1-

(5 .3) 

• P =1 
00 

# 

where a is a proportionality constant, and Pi and Pi denote the conditional 

probabilities, Pr{xIX = i-I} and Pr#{xIX = i-I}, respectively. Note that 
# 

the functions for Pi and Pi can be of any type as long as the above 
# 

assumptions are satisfied. This means that the solutions for Pi and Pi may 

not be unique. 

Here we assume that: 

Pi = Pr{xIX = i-I} = 1-(I-PI )exp{-C(i-l)} 

P; = Pr' {xiX = i-I} = 1-(I-P;)exp{-C(i-l)} 

(5.4) 

(5.5) 

where C is a parameter characterizing the increase rate of P . and P. # and 
1 1 ' 

for simplicity, is assumed to have the same value in both equations. 

Note that since the distribution of these D defects on A is not uniform, the 
number of defects occurring on Ac can be any number from 0 to D. 

Therefore to characterize clustering, the probabilities of all these possibilities 
must be known . 

Consequently we can say that: 

Pr{X = I} = PI 

(5.6) 

where Pr{X = i} represents the joint probability for which i defects occur in 
area A . Similar formulae can be derived for Pr#{X= i}. 

c 
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Thus the total probability Pti for i defects (i E (0, D)) landing on Ac can be 

obtained by using formula from Table 5-1 [18] in which Pti for different 

value of i are shown 

No. of defects in A c Total probability 

• 
0 PI)=Pr {X=D} 

1 P'1 =(f )Pr{X=l}P/ {X=D-l} 

2 P'2 =( ~ )Pr {X=2}P; {X=D-2} 

.. .. .... 

i P,i =( f )Pr{X=i}P; {X=D-i} 

.... .... 

D PtD=Pr {X=D} 

Table 5-1: Total probability for i defects in Ac' 

and 

( D) D! 
i = i!(D-i)! (5 .7) 

Note that Pt' is a function of P . and P~ which , In turn, are functions of 
I I I 

parameters Q' and C. Therefore, the clustering in this model, can be well 
characterized by two parameters: Q' and C. To determine values of these 
parameters we can use two constraints . The first one is that the number of 
defects landing on Ac can be any integer from 0 to D (including a and D). 
Thus we have 

(5.8) 
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where 

(5.9) 

Note that the sum of the total probability for i defects occurring on area 
(A-A) is also equal to one. However, Eq. (5.9) is equivalent to equation 

Eq. (5.8) and cannot be treated as an independent constraint. 

The second constraint can be obtained by normalizing the area Ac by the 

chip area A: 

D DA 
c 

LiPti=T 
i= O 

(5.10) 

Generally, due to the complexity of the above equations , numerical methods 
must be used to solve for a and C. 

After a and C are known, Pti can be obtained from Eq. (5 .9). The 

probability density function for the number of defects occurring in Ac can 

then be calculated from : 

where 

D 

f ~x) = L Pti 8(x-i) 
i=O 

8(x-i) = {~ 
ifx= i 

otherwise 

Cell Level 

(5.11) 

(5.12) 

At the cell level, defects are assumed to be uniformly distributed due to the 
fact that the area of interest is usually very small. Let Ad denote the area 

of interest, and p and q denote the probability of one defect occurring and 
not occurring on Ad' respectively . Then, based upon the assumption of 
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uniform probability relative to area, p and q can be expressed as below: 

Ad 
q=I-­

A c 

183 

(5 .13) 

We use the binomial distribution to calculate the probability of i defects 
landing on Ad,Pd,j: 

P ( Xl j X-i 
d,i= i) P q (5 .14) 

Since in most cases, Ad is very small as compared with A c' the number of 

defects in Ad can be assumed to be either 0 or 1. Thus, for Ad we can write 

(5 .15) 

To find Pd,o' let 

(5.16) 

where Y is a random variable since it is a function of random variable X. 

To make Pd ° solvable, it is reasonable to approximate Pd ° with Y, i.e. the , , 
expected value of Y Then, we have 

Y = Pd,o = i: y fJ.,y) dy (5 .17) 

where fly) is the pdf of y and can be obtained from f X(x), based upon the 
theorem for random variable transformation. By applying this theorem one 
can show [19J that the probability for having 0 defects in Ad becomes 

(5 .18) 
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Finally, from Eq. (5.15), Pdl' can be found through 

(5.19) 

Note that in Eq. (5.18), if A,/Ac is very small, then Y approaches 1. This 

means that for very small device area, Ad' the probability for having no 

defects in it, is approximately equal to 1. 

Hence, the above model can be effectively used to model the nonuniform 
distribution of defect densities within the wafer. It is more flexible than 
other models and therefore should be useful not only to model typical defect 
clustering effects but also a large class of semi-regular nonuniformities such 
as for instance donut shape. 

5.2.3. Distribution of Defect Radii 

Most approaches to modeling spot defects can handle nonuniformities of 
defect density only and ignore completely the fluctuations that occur in the 
sizes of the defects . However, in a modern VLSI process, we can expect to 
see a dramatic increase in the number of "small" defects that in fact 
manifest themselves as faults. The importance of this effect have been 
illustrated by an experiment [72] in which it was shown that two Ie designs 
with identical areas and strips of parallel metal lines had vastly different 
yields. In this particular experiment there was more than a twofold 
difference in yield. In both designs metal strips had identical pitch. The 
design with the lower yield had a 0.5 I'm smaller spacing than the one with 
the higher yield. Of course, decreased spacing increase sensitivity to smaller 
defects. But such a difference in yield cannot be predicted unless defect size 
distribution is known and taken into account. 

But accurate modeling of the defect size is not trivial. The actual radius of 
a defect is a function of both the radius of the contaminating particle that 
causes the defect and the lateral process deformations such as line width 
variations. In this section we show how to compute the probability density 
function associated with defect radius that takes into account both of these 
factors . 

Estimation of the probability density function that describes the radius of a 
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mask defect has typically been done through the use of test structures with 
narrow meander metal strips [112]. Experimental data collected from such 
test structures lead to the conclusion that this probability density function is 

of the form l/x3 where x is a diameter of the defect ( see e.g. [112] ). 
Recent studies [71] suggest, however, that such a relationship is not 
universal and therefore a more sophisticated model is required. More 
specifically, a better probability density function is one based upon a 
combination of several nonsymmetrical density functions, each of which 
characterizes one of the mechanisms that causes spot defects. A set of 
weights that control the contributions of each function towards determining 
the final defect radius can then be found by fitting the postulated model to 
experimental data. 

One of the density functions suitable for describing the distribution of the 
radius of a defect introduced by a single mechanism is the Rayleigh 
distribution [86] : 

x x 2 

fr(X,Ci) =-2 exp( ---2) for x > O 
Ci 2Ci 

and (5.20) 

where Ci is the distribution parameter. It was found that in order to describe 
the experimental data reported in the literature, Eq. (5 .20) can be used in 
the following formula: 

f(R) = {[,81 ry (R,m;,Ci 1) + (1-,81) ry (R,m;,Ci2)],82 + 
+ (1-,82) ry (R,m;,Ci 3 ) 

where: 

1. f(R) is the probability density function describing the radii of 
the contamination or the particles; 

2. ry(R,mj:Ci) = fr(R-mj:Ci) 

3. ,81',82 and mj*and CiJor i = 1 , 2 , 3 are parameters of f(R) . 

(5.21) 



186 FUNCTIONAL YIELD 

• • In this formula, parameters m 1,m2'0'1 and 0'2 are used to characterize 
• airborne and equipment generated particles; parameters m3 and 0'3 are used 

to characterize layer defects caused by mechanical defects, and (31 and (32 are 

weights . 

A simple fitting technique can be used to compute the parameters of 
Eq. (5 .21) by minimizing the difference between the density function 
Eq. (5.21) and the measured histograms of the radius of defects on the 
surface of the mask. 

The key to the successful application of Eq. (5.21) is an adequate defect 
radius measurement technique that assures reasonable accuracy and is 
inexpensive enough to be practical for large sample sizes. Such a technique 
that employs a Double-Bridge test structure has been proposed and applied 
for the extraction of the defect sizes in the interconnect of VLSI ICs [72J . 

5.2.4. Distribution of Defect Radii Within 
Layer 

From the above discussion it is clear that the number of defects that cause 
faults is a function of defect size. Since a significant number of the spot 
defects are introduced through lithography and etching steps, and each of 
these steps is performed similarly for the vast majority of processing steps, 
we would expect to have a similar number of defects within each IC layer. 
Experimental data shows that this is not the case. In this section we explain 
one of the reasons for differences in the effective defect densities in different 
IC layers. Towards this end we compute defect size distributions in a 
number of layers assuming that the distribution of contaminants that cause 
these defects are identical. 

Consider a contaminating particle that is located on a mask, the surface of a 
photoresist layer, or on the surface of the wafer. Such a particle is engraved 
in an actual IC layer with process induced lateral deformations of various 
kinds. Thus, the actual radius of the defect, i.e . the radius of the defect in 
the IC structure, see Fig. 5-2, is described by a random variable which is the 
sum of the radius of the defect and any process induced lateral deformations 
or line registration errors. Such errors can be described by a Gaussian 
distribution. Hence the distribution of defect radii can be computed as a 
convolution of Eq. (5.21) with a Gaussian density function. 
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Figure 5-2: Relationship between radii of the defect on the mask and its 
image in the actual Ie structure. 

Note, that in order to determine whether a defec t causes shortor break we 
do not need to know the defect radii itself, but rather we need to know the 
distances between the edges of the layout and the edge of the defect . In 
order to compute distances between the edge of the defect and edges in the 
layout, we assume tha t the locations of the layout edges are not disturbed 
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by the line registration errors but that the defect radius is disturbed by 
double the line registration error. ( See Fig. 5-2.) Thus, if the line 
registration errors for the k-th layer in the Ie structure is described by the 
normally distributed random variable LlXk with a mean value iJ.k and 

standard deviations uk' the radius of the defect in this layer, Rk, is given by 

(5 .22) 

and, thus, the probability density function describing the distribution of Rk 

IS: 

+00 

J f(R)N(Rk-R,2iJ.k,2uk)dR (5.23) 

-00 

where f(R) is given by Eq. (5.21) and N(x ,Jj,u) describes the Gaussian 
distribution of a random variable x with mean and standard deviation 
iJ. and u , respectively. 

To evaluate differences in spot defect size distributions in various layers of a 
typical NMOS process we performed the following computations. The spot 
defects characteristics were assumed to be as reported in [112]. Then 
assuming typical values for line registration errors, we computed parameters 
of Eq. (5.21) to obtain the agreement between model and measurement data. 
Finally , we computed density functions which described defect radii in 
various layers for standard NMOS technology. The details of this 
computation , and the results obtained can be found in [69]. A summary of 
the results is shown in Fig. 5-3 . (Distances which are negative indicate 
possible shorts or breaks in the layout being analyzed .) 

As one can see there exist significant differences among density functions 
describing radii of the defect in various Ie layers . This data also indicates 
that the higher the scale of the integration of the Ie the more important 
these differences become. 
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Figure 5-3: Distribution of defect sizes III varIOus layers caused by the 
identical mask defets. 

5.3. Yield Modeling Using Virtual Layout2 

Conceptually predicting yield loss for an arbitrary layout and given defect 
size distribution is relatively simple. Note that in order to determine the 
probability of a defect that manifests itself as a fault , we must determine 
which fraction of defects cause permanent changes to circuit connectivity, 
i.e. a short or a break. To this fraction via a Monte Carlo approach, one 
simply places defects on the layout and then, by analyzing the area in the 
neighborhood of the defect, checks whether nonequipotential nodes are 
shorted or new nodes are created. If either of these situations occurs then a 
fault has occurred. The only difficulty in this approach is the sample size 
that has to be used -- it has to be very large if statistically valid results 
must be obtained. Note that the only computationally intensive operation is 

2This section is based upon the paper:' Modeling of lithography related yield losses for CAD 
of VLSI circuits' , by W. Maly , IEEE Trans. on CAD, Vol. CAD-4 , No.3, pp. 166-177, 1985. 
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the process of checking whether the defect of a given size and location 
"touches" (bridges or shorts) two regions or it breaks a conducting path. 
To see if this happens, the distances from the edge of the defect to the 
closest elements of the layout must be determined. 

Note also that we can determine if a fault has occurred in a different way. 
By knowing the size of the defect one can determine all locations of the 
centers of a defect that cause a fault . The set of all such locations is called 
critical area . In the following subsection we describe an approach to yield 
estimation that is based on the concept of critical area. 

5.3.1. Critical Area 

AB already indicated, spot defects can affect performance of an IC in two 
ways . They can break an equipotential region into two or more 
nonequipotential regions (see Fig. 5-4 a and b), or they can cause a short 
between two nonequipotential regions (see Fig . 5-5 a and b) . Shorts and 
breaks are possible in both insulating and conducting layers of an IC. 

Fig. 5-4 (c), Fig. 5-5 (c) and Fig. 5-6 illustrate the concept of critical area 
for a very simple pattern of conducting lines. Note that the width of the 
critical area, W J' is proportional to the width of the path , w, and defect 

radius Rk (see Fig. 5-6). The width of the critical area W J' and therefore the 

critical area AJ(Rk,w) itself, are equal to zero when Rk < w/ 2.0. The 

critical area AJ(Rk ,w) increases ( see Fig. 5-6 b ) with slope 2L where L is a 

total length of the conducting path . The critical area has an upper limit 
equal to the total area of the region under consideration. Thus for a 
conducting path such as shown in Fig. 5-7, AJRk,w) saturates for 

Rk = s/ 2+w ( see Fig. 5-7 b ). 

However, in general, computation of the critical areais more complex 
because the topology of the actual IC is much more complicated than in the 
above example. Thus determining the critical area involves a sequence of 
layout resizing operations or a Monte Carlo simulation. For the present, let 
us assume that we are able to compute a critical area as a function of defect 
radii, for each layer of the IC structure. We will return to this point later. 
Let us discuss the yield loss formula assuming that Ak(Rk) is known. 
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Figure 5-4: Break . 

5.3.2. Spot Defect Related Yield Losses 

191 

The probability of the event that vk spot defects with radius R do not cause 

a short ( or break) in the k-th Ie layer, yk, can be computed from the 
p 

following Poisson formula: [86] 

(5.24) 

where Pk is a probability that single defect causes a short ( or break). But: 

(5.25) 
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a) 

Defect 
( extra conducting material ) 

b) 

c) 

Critical area 

Figure 5-5: Short. 

where D k is the density of the defects, Ak(R) is the critical area computed 

for defects having radius Rand ACh is the area of the chip. So that 

Eq. (5.24) takes the form: 

(5.26) 

Note now that Eq. (5 .26) is still valid for the case in which the radius of a 
spot defect is described by a random variable R. Consider a sequence of 

segments [ R~ , R~+ l l for i = 1, 2, 3, ... , N arranged in such a way so as to 

cover the majority of the actual values of R. For each of these segments we 

can estimate p(R~), the probability that R is contained in the segment 
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a) 

b) 

Figure 5-6: Critical area. 

[R~, R~+11. Thus the product, D!? (R~) is the density of defects whose radii 

are in the segment [R~, R~+ 1]. If now we assume that 

(5.27) 

and that A~(R: i) is the critical area computed for R: i, then from 

Eq. (5 .26) we know that the probability of the event that the defect whose 

radius is contained in the segment [R~, R~+I] causes a short ( or a break) is 

described by: 

Using Eq. (5.26) we can show that: 
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where 

a) 

b) 

(2s + 2w) L 

s '2 + W -wcr 

... 's/2 
W 

s 

W 

s/2 

Figure 0-7: Critical area as a function of defect radius . 

N 

~ =L p(R~)exp{-DkA~(R:i)p(R~)} 
i= 1 

p(R~= 
R' 

k 
and f(Rk ) is the probability density function given by Eq. (5.23). 

( 5.28) 

(5.29) 

Finally, note that if we assume that the IC under consideration is composed 
of K layers, then we must use Eq. (5.28) 2K times to determine the final 
yield Y : p 

2K 

y =II yk 
p p (5.30) 

k=l 
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5.3.3. Yield Losses Due to Lateral Process 
Deformations 

195 

Line registration errors themselves may cause shorts and breaks in an actual 
Ie structure. To evaluate the probability of a short or break due to line 
registration errors, we have to find, for each nominal Ie layer, the minimal 
distances representing the minimal width of the connection and the minimal 
spacing between connections in this layer. We call these distances critical 
distances and denote them by w. and 8 . , respectively. Knowing the 

J J 
probability density functions describing line registration errors for the j-th 
Ie layer, one can compute the actual distances W. and S _ The actual 

J ) 
distance is the nominal distance plus the random variable describing the line 
registration error. An Ie will not contain shorts or breaks if all of the 
actual critical distances are greater than certain minimal technologically 
acceptable distances, wi, that are specified for each Ie layer. Hence, in 

cr 
order to estimate the yield limited by the line registration errors, we have to 
find for each Ie layer the probability of the event that both W. and S . are 

J ) 

greater than wi . We denote this probability by yJ. It can be shown, using 
cr e 

simple geometrical considerations, that this probability equals the 
probability that the random variable w.+2..:1Xk is greater than wi and it is 

J cr 

smaller than W.+8 .-w i ( See Fig. 5-8. ) . Thus yJ can be computed from the 
J ) cr e 

formula: 

8.+W.-J J) J cr 

~ = N(x,2/li+w;,2u)dx (5.31 ) 

wi 
cr 

where, as before, N(x,/l,u) denotes the Gaussian distribution function whose 
mean and standard deviation are determined assuming that the line 
registration error ..:1X . has mean and standard deviation equal to J.t. and u, 

J ) J 
respectively . 

Hence, the yield limited by the line registration errors themselves IS 

determined by the product: 

K 

y =II yi 
e e (5.32) 

i= 1 
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t.X. 
J 

o 

Figure 5-8: Distance between nonequipotential regions as a function of 
line registration error . 

where K is the number of layers in the IC. An important feature of 
Eq. (5.32) is that it is useful when it is applied to regions bounded by edges 
belonging to the same category, i.e. those fabricated by the same mask. In 
practice, however, we must also consider shorts and/ or breaks that occur 
between edges of different categories, e.g. between the edge of the 
polysilicon region and the edge of the diffusion region. In this case the end 
points of critical distances fluctuate independently and misalignment vectors 
can not be disregarded. It can be shown, however , that the actual value of a 
critical distance defined for edges fabricated by means of different masks can 
be easily expressed in terms of line registration errors and appropriate 
components of misalignment vectors. An example illustrating such 
expression is shown in Fig. 5-9 where 8 .. and S .. denote nominal and actual 

I) I) 

spacing between edges created by means of the j-th and i-th mask, 
respectively, are presented. If the random vectors LlX. and LlX . represent 

1 ) 

line registration errors, excluding misalignment effects, and LIM. and LIM. 
1 ) 

describe components of misalignment vectors for the i-th and j-th mask 
respectively then : 

S .. = 8 . .+ LlX.+LlM.+LlX .+LlM. 
I) I) 1 1 ) ) 

(5.33) 
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Figure 5-9: Spacing between edges of two regions as a function of 
misalignment and line registration errors. 

and that the probability that the edges i and j are not touching one another 
is given by the integral: 

+00 

Y!= f N(x,p,a)dx 
wi 

cr 

where p and a are computed from Eq. (5.33) . 

(5 .34) 

Hence, to include in the line registration error the mask misalignment effect 
we have to modify Eq. (5.32) as follows: 

J 

y =II yi 
e e 

(5.35) 
i= 1 

where J is the number of all combinations of edges that may be shorted. 
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The yi are computed from Eq. (5.31) and Eq. (5.34) according to the 
e 

categories of edges which are endpoints of the critical distance under 
consideration. 

Eq. (5.35) is the probability of the event that the IC does not have shorts 
and breaks caused by line registration errors under the assumption that the 
structure does not contain spot defects. Hence , Eq. (5 .35) describes a 
conditional probability. Eq. (5.30) describes the probability that the IC does 
not contain shorts ( or breaks ) which are due to spot defects and line 
registration errors combined together, thus it can be interpreted as the 
probability of the condition used to develop Eq. (5.35). Therefore, 
manufacturing yield can be expressed as the product of the probability that 
the IC does not contain shorts and breaks caused by spot defects and line 
registration errors and the probability of the event that the IC does not 
contain shorts and breaks caused by the line registration errors themselves, 
i.e., 

2K J 

y = dI Y:HII Y!} (5.36) 
k = 1 i= 1 

where yk and yi are defined by Eq. (5 .36) and Eq. (5 .31) , respectively . 
p e 

Finally, note that to find the critical distances in the nominal layout one has 
to perform exactly the same computation as is needed in geometrical design 
rule checking. 

Further, observe that yield evaluation will usually be performed after 
geometrical design rules have been checked and any errors corrected. 
Therefore, instead of looking for edges which may be shorted due to line 
registration errors we may simply assume that these distances are such as 
specified by the design rules . Consequently, yield loss(defined by Eq. (5.35)) 
can be computed for all distances specified by the design rules without an 
analysis of the actual layout. 

5.3.4. Critical Area Computation Using Virtual 
Layout 

The yield model introduced above can be applied for practical purposes if 
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one can express the critical area in terms of the defect size. Unfortunately, 
computation of the critical area as a function of defect size is not trivial. 
The difficulty lies in the large number of entities that have to be 
manipulated in order to determine the regions that are vulnerable to the 
defect . To simplify this task, we use the concept of "virtual layout" , which 
is an artificial layout that is extracted from the nominal Ie layout . 

Before defining virtual layout observe that it is relatively easy [8] to 
statistically characterize a nominal Ie layout in terms of such quantities as 
the total length of connections in a layer, the average spacing between 
connections, or the total area of active layer elements. It is also possible to 
compute histograms containing information about the fraction of the layout 
entities having a specific feature such as a certain width, etc. We may then 
use this data to build a layout that has the same statistical features as the 
nominal Ie layout but arranged in the form of parallel strips . To illustrate 
this concept consider Fig. 5-10 in which a segment of the cell of a n-MOS 
circuit is shown; its metalization layer is highlighted in Fig. 5-11. Note that 
for this layer we can build a layout (see Fig. 5-12) which is vulnerable to 
spot defects in the same manner as the nominal Ie layout, but for which it 
is possible to derive an analytical function that relates defect radius and 
critical area. 

In general one can postulate a virtual layout that is an array of parallel 
conducting strips separated by insulating strips whose widths and spacings 
are specifiable parameters. For such a layout, it is easy to formulate an 
analytical function that relates the critical area to the defect radii and 
parameters of the layout . (An example of a virtual layout along with the 
formulas for computing the critical area, has already been presented in 
Fig. 5-6 and Fig. 5-7.) 

Note that application of virtual layout can be straightforward. It involves 
extracting from the nominal Ie layout the statistical information that 
characterizes the connection width, spacings, lengths, etc. Values of the 
virtual layout parameters can be chosen such that statistical 
characterization of the virtual layout is identical with the statistical 
characterization of the nominal Ie layout. It is then possible to derive 
analytic expressions that relate the critical area of the virtual layout to the 
defect radii. These expressions should accurately estimate nominal Ie 
layout . Of course, accuracy of this estimation is limited by differences in 
the detail of the nominal and virtual layout . For the case of a large circuit 
designed with consistent design style, locally significant details of the layout 
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Figure 5-10: Segment of the NMOS layout. 

are unimportant as far as the overall probabilities of shorts or breaks are 
concerned. The only important features of the layout are those which have 
statistical significance, i.e., those features which are represented by the data 
obtained from the statistical analysis extracted from the nominal Ie layout. 

5.3.5. Examples of Application of the Virtual 
Layout Method 

As a first example of the application of the virtual layout method consider 
the optimization of design rules. Typically, design rules are expressed in 
terms of a common unity distance called lambda (A). Optimal design rules 
result from determining the smallest value of A for which the yield is 
acceptable. 

The application of the virtual layout for design rule optimization is very 
straightforward because one can easily construct a virtual layout for each 
rule separately. Then critical area functions can be built and yield can be 
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Figure 5-11: Metallization layer. 

Figure 5-12: Virtual layout for the metalization layer shown in Fig. 5-11 . 

computed for a die of a given area. In [69] more precise description of the 
computations are presented. Fig. 5-13 summarizes results that have been 
obtained. Using this figure one can find for each of the critical distances 
(design rules) such distance which is minimal but at the same time assures 
large enough yield. 
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Figure 5-13: Yield as a function of critical distances (design rules). 

The second illustration deals with the scaling (shrinking) of VLSI layout . 
Scaling is usually performed to assure a maximal number of fault-free Ie die 
on a single wafer. An optimization of such a number was performed 
assuming a fixed size wafer and computing yield from the wafer as a 
function of scaling factor. In the computations it was assumed that the 1 
cm2 die, designed in a 5 /-tm NMOS technology must be scaled down and its 
virtual layout was created using statistical characteristics extracted from a 
typical VLSI student project described in [8]. The results of the 
computations taken from [69] are summarized in Fig. 5-14. 

Note that there exists a sharp optimum for wafer yield indicating that 
optimization of the design rules, such as described above, may provide 
substantial economical gains. Note also that in both cases relatively 
complicated problems were solved via a rather simple means. 
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Figure 5-14: Number of IC dies as a function of a scaling factor . 

5.4. Monte Carlo Approach to Functional Yield 
Prediction 

An alternate means for determining the effects of catastrophic faults on 
yield is through the use of Monte Carlo simulation. In such a simulation, 
random number generators are used to generate defects and place them on 
the layout. Once the defects have been placed on the layout, a series of fault 
analysis procedures are used to determine what, if any, circuit faults have 
occurred . The ratio of the number of defects that do not cause faults to the 
total number of defects generated is interpreted as functional yield. This 
approach has been implemented in a program named VLASIC, that is 
described below.3 

3The procedure described here deals with a standard NMOS process but it can easily be 
extended to other technologies. 
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5.4.1. The VLASIC Yield Simulator4 

Wafer Map 

Defect Statistics 

Chip Layout 

Defect Models Fault 
Combination & 

Filtering 

Sample Out 

Figure 5-15: Structure of VLASIC. 

Placed Defects 

Row Faults 

The basic structure of VLASIC is shown in Fig . 5-15. Observe that the 
defect random number generators are organized in a hierarchical manner, 
with several generators for the spatial distribution, and one for the size 
distribution. These generators take as inputs parameters such as the mean 
and variance of the defect density. A wafer map is used in the process of 
placing defects within a wafer . The output of the random number 

4This section is based upon the paper: ·VLASIC: A catastrophic Fault Yield Simulator for 
Integrated Circuits·, by D.H. Walker and S.W. Director IEEE Trans. on CAD, Vol. CAD-5, No. 
4, pp. 541-556, 1986. 
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generators is a list of defect types, their location within the die sample, and 
defect diameters. 

A series of fault analysis procedures, which are the key elements of VLASIC, 
are then called to examine the geometry of the layout within the 
neighborhood of the defect to determine if any circuit faults have occurred. 
These procedures use general-purpose polygon operations, avoiding the need 
to place any restrictions on chip layout (i .e., such as limiting acceptable 
layout styles to Manhattan geometry.) The result of the fault analysis is a 
list of the raw circuit faults caused by the defects. Below we describe the 
basic elements of the fault analysis procedure. 

5.4.2. Fault Analysis 

The fault analysis phase of Monte Carlo yield simulation identifies which of 
the basic types of circuit faults (i .e., short, open, open device, shorted device, 
new via, new device due to extra gate material and new device due to extra 
active material) is caused by each defect. In particular, after a defect has 
been placed on a layout, polygon operations are used in the neighborhood of 
the defect to determine whether the defect causes a circuit fault. These 
operations are guided by the defect model that describes what layers a 
defect can interact with, what layer combinations form transistors, contacts, 
etc. 

We will briefly describe the procedures used for detecting the basic types of 
defects. We assume here that before fault analysis takes place there is a 
preprocessing step in which all equipotential regions in the layout being 
analyzed are uniquely labeled (called net numbers). 

Shorts: A short circuit can occur when a disc representing extra conducting 
material defect touches two or more neighboring polygons on interacting 
layers that have different net numbers. An interacting layer is one that can 
be electrically connected to the defect material, as defined by the defect 
models. For example, an extra metal defect can electrically connect to metal 
wires , while an extra poly defect can electrically connect to other poly, and 
to diffusion through a buried contact. If a short circuit occurs, a list of the 
shorted net numbers is indicated. 

There are two complications to this procedure. First, shorts caused by extra 
active (diffusion) or gate (poly) material must be saved even if they only 
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touch one net. This information will later be used to connect the gate and 
terminals of new devices caused by extra active or gate material and then 
discarded. Second, some layers mask others. In an MOS process with self­
aligned transistors, the gate layer masks the active layer. Where gate and 
active layers overlap a transistor channel occurs, rather than a wire. 
Therefore when considering shorts due to extra active material, the defect 
polygon must first have neighboring gate material subtracted from it . 

Opens: An open circuit occurs when a missing material defect spans a wire 
or via on an interacting layer, splitting a net into several unconnected 
branches. An interacting layer is one that can be broken by the missing 
material. For example, a missing metal defect can break a metal wire , or a 
missing first-level via defect can open a first-level via. The defect models 
separately record whether a defect type can span wires or cause open vias. 
An example open wire and open via are shown in Fig. 5-16 and Fig. 5-17 . If 
an open circuit occurs, the open procedure returns a list of branches for each 
broken net and the contours of the broken polygon are burst into individual 
polygons. These new polygons represent the starting point of each branch of 
the broken net. 

Nl-l_---"-Cl--) __ Nl-2 

Figure 5-16: An open. 

Nl-l Nl-2 

Figure 5-17: Open via. 

New Vias: A new via occurs when an oxide pinhole defect intersects a 
region where wires on conducting layers above and below the oxide layer 
overlap, as specified by the defect models. These overlap areas are 
precalculated during a preprocessing phase. New vias also occur when a 
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junction leakage defect intersects a diffusion region . Since the new vias 
defects are always assumed to be points, the intersection test can be done by 
calculating the winding number of the point with respect to the neighboring 
overlap polygons. This is computationally cheaper than other intersection 
tests. If a new via occurs, the new via procedure returns the pair of nets 
shorted together. 

New via faults are distinguished from shorts for two reasons . First, a new 
via caused by a gate oxide pinhole is not well-defined electrically. Second , 
the fact that oxide pinholes and junction leakage defects are always assumed 
to be points makes their analysis much easier. 

Open devices: An open device occurs when a mlssmg active area defect 
spans a transistor channel from side to side, thus breaking the channel 
between source and drain, as shown in Fig. 5-18. If an open device occurs, 
the open device procedure reports the device number. An open device is 

N1 

I I 
N2 

Figure 5-18: Open device. 

detected by intersecting gate polygons with the defect, isolating the defect 
under the gate. The result may have several disjoint contours, which are 
burst apart into separate isolated defects, called masked defects, each of 
which are regarded separately. Several masked defects are created if a single 
defect touches more than one transistor, as shown in Fig. 5-19 . If no 
masked defect results from the intersection, then there can be no open 
transistors. Channel polygons are subtracted from the masked defect. If 
the result has two or more contours, then the channel has been spanned by 
the defect, resulting in an open transistor. The subtraction order is 
determined by the need to avoid problems with coincident defect and 
polygon edges. 

Shorted devices: A shorted device occurs when a missing gate (poly) defect 
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Figure 5-1g: Multiple transistor defect. 

spans the channel all the way from source to drain, allowing diffusion 
material to short between source and drain, as was shown in Fig. 5-20. If a 
shorted device occurs, the shorted device procedure reports the device 
number. 

The active (diffusion) polygons provided by the circuit extractor have the 
channel regions subtracted from them, with the channel polygons provided 
on a special channel layer. In order to perform the analysis, the original 
active mask must be recreated by taking the union of the channel polygons 
and active polygons in the defect neighborhood. The defect is intersected 
with the active polygons, including the active area that forms the transistor 
channel, creating a masked defect. The channels are subtracted from the 
masked defect. If the result has two or more contours , then the transistor is 
shorted. The gate must be subtracted from the masked defect rather than 

I NZ 

N1~ 
I N3 I 

Figure 5-20: Short in the transistor channel due to missing poly. 

vice versa for the following reason. If the defect covers one of the side edges 
of the channel, then the masked defect shares an edge with the channel. If 
the masked defect is subtracted from the channel , the channel will not be 
split in two , but only have its end removed. The defect is isolated over the 
active and channel because in fact a single missing gate defect can cause 
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more than one transistor to be shorted, as shown in Fig. 5-21. When the 
defect is masked, the result may have several contours, corresponding to 
intersections with several channel l active regions . These contours are burst 
apart, and considered as several individual masked defects that can cause 
several different shorted transistor faults. 

N2 N3 

Figure 5-21: Multiple transistor short. 

New gate material device: A new device due to extra gate material occurs 
when an extra gate (poly) defect spans an active (diffusion) wire, breaking it 
in two, and creating a channel connected to both source and drain, as shown 
in Fig. 5-22. If a new device occurs, the analysis procedure reports a new 
device with source and drain terminals connected to branches of a broken 
diffusion net. The gate terminal is connected during the fault combination 
phase. 

______ ..J/:L/L.'/~,/...:JI, _ _____ _ 

Nl-l NI-2 

N2 

Figure 5-22: New gate material device. 

A new device is created in the following cases: 
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• The combined channel has two terminals, and does not contain 
any existing channels. This is a new transistor. 

• The combined channel has more than two terminals, and does 
not contain any existing channels. This is a new multi-terminal 
transistor. 

• The combined channel has more than two terminals, and also 
touches existing channels. This is a multi-terminal transistor 
converted from existing transistors. 

• The combined channel has less than two terminals, and does not 
touch existing channels. A capacitor is formed, but ignored, 
since it is not a DC topology change. 

• The combined channel has two terminals and also touches an 
existing channel. If the combined channel is a different shape 
than the existing channel, then a device size change has occurred. 
If the combined channel is the same shape as the existing 
channel, then no size change has occurred. In either case, no DC 
topology change occurs, so no fault is reported. 

• Otherwise no transistor is formed. 

The above rules depend on the assumption that only devices with one source 
and one drain terminal are permitted in the original circuit. 

New active material device: A new device due to extra active material -----
occurs when an extra active (diffusion) defect spans a gate (poly) wire, 
forming a channel and a source and drain, as was shown in Fig. 5-23. If a 
new device occurs, the new device procedure reports a new device with 
terminals connected to existing nets. If the new active regions also short 
several nets together, then these net numbers are added to the terminal net 
lists in the fault combination phase. 

A new active device is created in the following cases: 

• The combined channel has two terminals and does not touch any 
existing channels. This is a new transistor. 

• The combined channel has more than two terminals, and does 
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Figure 5-23: New active material device. 

not touch any existing channels. This is a new multi-terminal 
transistor. 

• The combined channel has more than two terminals and touches 
existing channels . This is a multi-terminal transistor converted 
from existing transistors. 

• The combined channel has two terminals and touches existing 
channels. If more than one existing channel is involved, and the 
combined channel does not equal the original channel, then a size 
change has occurred. Otherwise no size changed has occurred . 
In either case, since no DC topology change has occurred, no 
fault is reported. 

• Otherwise no transistor is formed. 
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Fault combination: Some defects may cause several different faults to 
occur. In some cases, these faults must be combined into a simpler fault, or 
discarded altogether. For example, an extra poly defect may block a metal­
diffusion via. This causes an open between the metal and diffusion, and 
causes the metal to short to the extra poly. At the same time, the extra 
poly may also short to the diffusion through a buried contact. The path 
from the metal via through the poly to the buried contact recompletes the 
circuit, so no fault has occurred. Similarly, an extra poly defect can break a 
diffusion wire in the process of forming a new device. However the poly 
may connect to the diffusion on each side of the break through buried 
contacts, reconnecting the diffusion net . 

Some faults require information from several fault analysis procedures. 
Information from the short procedure is used to connect up the sources and 
drains of a new device due to extra diffusion . Those terminals that are not 
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connected are discarded. If the transistor does not have at least a source 
and drain, then it cannot change the DC topology of the network, and so is 
discarded. The short procedure also provides information to hook up the 
gate of a new device due to extra gate material. 

5.4.3. VLASIC Implementation and 
Summarizing Discussion 

The procedures described above form a core of the VLASIC (:yLSI Layout 
Simulation for Integrated Circuit) and are implemented in approximately 
20,000 lines of C code. The current version can handle, NMOS and CMOS 
double metal technologies". 

The main features of VLASIC implementation are as follows: 

1. VLASIC provides almost unlimited flexibility in modeling 
defects. All essential defect characteristics can be simulated with 
good accuracy. 

2. VLASIC uses standard polygon packages which have many 
advantages and a few disadvantages. On the positive side is 
generality of the approach to failure analysis which allows to 
handle (as was shown in Sec. 5.4.2) very complete topological 
configurations of defects. It also allows for easy modification 
whenever new or changed process must be analyzed. Therefore 
such generality and flexibility is the cost of computations. 

3. VLASIC uses the Monte Carlo approach which requires large 
sample sizes. 

4. VLASIC can estimate probabilities of specific faults and its 
contribution to the yield loss. 

Hence, in general VLASIC is a tool that may provide very accurate estimate 
of the yield loss but its application must be limited to the regular structures 
or functional blocks of moderate size. 

"A description of the details of the implementation are out of the scope of this book and can 
be found in 1126) and 1127). 
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5.5. Yield Computations for VLSI Ce1l6 

Both of the yield prediction methods discussed above have limitations: the 
virtual layout approach may be inaccurate and the Monte Carlo approach 
may be too expensive. In this section we present a third approach. The 
basic concept behind this third method is searching for elements of the IC 
that are sensitive to spot defects and then evaluating the probability of a 
fault occurring in these locations. This approach minimizes the complexity 
of computation while maintaining accuracy. In general, functional yield 
prediction can be performed on a flat or hierarchical layout. To predict 
functional yield on a flat layout, i.e. the layout of an entire chip , we must 
be able to calculate the probabilities of circuit failure and then yield 
simultaneously. Such a method is difficult to implement for VLSI circuits 
due to the complexity of circuit layout and the dependency between design 
rules. On the other hand, for hierarchical yield prediction, one calculates 
the chip yield in terms of the yields of the individual devices or cells. In this 
section we discuss such an approach to yield prediction . This approach 
employs analytical expressions rather than a Monte Carlo approach and 
considers yield losses due to both global and local defects, taking into 
account defect sizes as well as thin spatial distributions . 

The method has three key steps. First, defect statistics are generated 
hierarchically (see Sec. 5.2). Next, the probabilities of failure (POF) due to 
global, and combined global and local deformations for simple layout 
patterns are calculated analytically. Finally, the POF's for macrocells or 
chips are calculated. A hierarchical scheme is used during this last step to 
reduce computational complexity . 

5.5.1. Probability of Failure (POF) for Simple 
Layout Patterns 

In this section, we describe methods to find £robabilities 2,f failure (POF)for 
simple layout patterns. We first classify the circuit failures into two types: 
i .e., primitive failures and joint failures. Then we define the events for these 
two kinds of circuit failures to occur and derive formulae to calculate their 

6This section is based upon the paper: "Realistic yield simulation for VLSI structural 
failures", by I. Chen and A.J. Strojwas, IEEE Trans. on CAD, Vol. CAD-6, No.6, pp. 'J65-'JgO, 
1987. 
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probabilities of failure. Strict analytical methods are used III this step to 
achieve accuracy and efficiency. 

POF lor Primitive Failures 

Primitive failuresare the failures caused in the simplest layout patterns. 
These failures can be further classified into five types: shorts, breaks, lateral 
and vertical interlayer failures, and excessive junction leakage currents? 

Shorts. The source of shorts can be lithographic or nonlithographic based. 
As examples, a metal short is lithographic based while "cr088 talk" in poly 
paths and P punch through P in source and drain under some bias condition 
are nonlithographic based. In this section, we consider these two sources of 
shorts. Since global deformations always occur on chips, circuit shorts can 
be caused either by global deformations only or by the combined effect of 
global and local deformations. Global deformations may have more than 
one component for some particular mask layer. Typically, linewidth 
variation is the only component for all the mask layers except diffusion 
layer where lateral diffusion, depletion layer expansion, and bird's beak 
effect, also need to be taken into account (See Sec. 5.3.3). Assume that gl 

is a random variable (with pdl I ) which represents the ith component of 
gl 

the global deformations for some particular mask layer, then the net effect 
of global deformations, g (with pdl I ), can be shown as: 

g 

n 

(5.37) 

where n is equal to 4 (linewidth variation, lateral diffusion, depletion layer 
expansion, bird's beak effect) for the diffusion layer and is equal to 1 for the 
other mask layers. Since all these components are independent with one 
another, g will also be normally distributed if g" i=1 to n, has normal 

distribution. More precisely, let Ilg and (72 denote the mean and the , g, 
variance of g,. Then we have [86]: 

7 Compare terms introduced in this section with the terms defined in 5.4. They are very 
similar but tend to be more general. 
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(5.38) 

where N(I-', 0-2 ) denotes a normal distribution with mean I-' and variance 0-2 . 

Based upon the above fact , we can find the POF's due to global and 
combined deformations. 

Let xl and x 2 be the coordinates of the layout edges, and r and x be the 

random variables (with pd/s Ir and Ix) which represent the defect radius 

and the coordinate of defect center , respectively. If overetching is assumed 
to prevail, then the POF due to global deformations , i .e., PIo' is given by: 

(5 .39) 

where c represents the minimum spacing for short to occur . This equation is 
also valid for the case of underetching where -g rather than g is used . For 
the case of combined deformations, if we assume that there is already one 
defect located at the region between two layout patterns, then the POF (i .e. 
a conditional probability) can be expressed as: 

(5.40) 

where g, r, and x are independent of each other so that joint probability 
density function I can be decoupled into the product of I , I , and I . 

grx g r x 

In general, to calculate Plo and PI1 , typical numerical integration methods, 

such as Euler methods (forward or backward) , trapezoidal rule, or Simpson 
rule [15]' can be applied . 

Breaks. Like shorts, breaks can be lithographic or non lithographic based. 
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For example, poly breaks are lithographic based while "metal migration" is 
non lithographic based . Breaks can also be caused by global deformations 
or combined deformations . 

PIO can be expressed as below: 

P.ro= Pr{(X2-g)-(X1+ g) ~ c or (y2-g)-(y1+g) ~ c} 

=Pr{g ~ (x2-x1-c)/ 2}+Pr{g ~ (YZ- Yl-c) / 2} 
-Pr{g ~ (x 2-x1-c)/ 2 and g ~ (YZ-y1-c)/ 2} (5.41 ) 

If we assume that (x2-x1) is less than or equal to (y2-y1) , then Eq. (5.41) 

becomes 

(5.42) 

Similarly, the POF due to combined deformations , PI1 , can be shown as 

below : 

(5.43) 

Lateral Interlayer Failures. Lateral interlayer failures are failures in lateral 
direction between two or more different mask layers. As examples, a 
transistor failure due to significant misalignment between poly and diffusion 
is a two-layer failure ; a failure between metal to contact-cut to poly so that 
metal and poly cannot conduct with each other is a three-layer failure . All 
failures involving three or more layers can be decomposed into sets of two­
layer failures . All two-layer failures are assumed to be caused mainly due to 
linewidth variations of the two masks involved and misalignments between 
them. Local deformations are neglected in this case due to small probability 
of occurrence although combined global and local deformations still account 
for most of the failures in each layer. 

To illustrate how to find the POF of the lateral interlayer failure, consider 
the example of contact-cut to poly , as shown in Fig. 5-24 . If gl and g2 

represent the net global deformations in layers 1 and 2, respectively , and IDx 
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Figure 5-24: Four types of lateral interlayer failures. 
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represents the misalignment in X direction, then the POF can be expressed 
as: 

(5.44) 

where 

(5.45) 

Note that in Fig. 5-24, all the four failure types are shown in +X direction. 
Since the misalignment may also have components in -X and ± Y directions, 
we also need to consider the possibility for these four failure types occurring 
on the other three quadrants. To do so, all the four patterns in Fig. 5-24 
are first rotated clockwise by 90, 180, and 270, degrees, respectively . Then 
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the corresponding POF's can be found quickly similarly to Eq. (5.44) by 
replacing suitable coordinates. 

Vertical Interlayer Failures. Vertical interlayer failures are failures between 
two different layers in vertical direction . The most significant one is a 
pinhole which is a short of two vertical layers through oxide. For pinholes, 
the effects of global deformations need to be taken into account because the 
overlapping area is affected by the linewidth variations of t,he two masks 
and the misalignment. Consider the example shown in Fig. 5-25, where, 
within some macrocell , two layout patterns from two different mask layers 
are overlapping. 

l 

Figure 5-25: Vertical interlayer failure. 

If Land W denote the length and the width of the nominal overlapping area, 
respectively , then the actual overlapping area A o becomes 

(5.46) 

where gl and g2 denote the global deformations of mask layers 1 and 2, 

respectively. Since the overlapping area is very small, we can assume that 
the number of pinholes, if there are any, is at most one. Thus, from 
Eq. (5.18) and Eq. (5.19), the probability of one pinhole in A o is 

D A 
Pd1=1-L (1-AO);Pt; 

;=0 c 

(5.47) 

where D is the number of pinholes per chip and Ac IS the area of the 
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macrocell. Note that the existence of any pinholes causes a failure. As a 
result, the POF will then be equal to the probability of one pinhole, i.e. 

(5.48) 

Excessive Junction Leakage Currents Junction leakage currents occur in the 
p-n junction which is formed from the diffusion or implantation of some 
type of dopant into a substrate with a different type of dopant. Thus, only 
the diffusion mask layer is involved in this case. To find this POF, the 
method for vertical interlayer failures can be applied. However in this case, 
both gl and g2 are replaced by g which is the net effect of global 

deformations for diffusion layer. 

Joint Failures 

Joint failures are the failures caused by any meaningful combinations of 
primitive failures. They can result from global deformations only or 
combined deformations as in primitive failures. 

Joint Failures Due ~ Global Deformations. Primitive failures within a joint 
failure can be either independent or dependent on each other. As an 
example, if F. and FJ denote the primitive failures of ·poly short· and 

"metal break·, respectively, then we can define a joint failure of these two 
primitive failures as (F. n F J). Since the design rules for poly spacing in the 

events of primitive failures F. and FJ are independent, this joint failure can 

be decoupled into two independent sub circuit failures, i.e. ·poly short" and 
"metal break" . The POF for this joint failure can then be obtained from 
the product of the POF's of these two primitive failures, i.e. 

(5.49) 

Joint Failures Due ~ Combined Deformations. For combined deformations, 
the components of a joint failure can also be independent or dependent. As 
an example, the joint failure of "poly short" and "metal short" are 
independent since, in addition to the independency of the design rules about 
the spacing in poly and metal, the defect sizes of these two mask layers are 
also independent. Thus, the POF of this joint failure is equal to the product 
of those two primitive failures. 
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Hence, as illustrated above, strict analytical methods rather than typical 
Monte Carlo-based methods can be used to find POF's for simple layout 
patterns. It is not difficult to derive the integration formulae for primitive 
failures while for joint failures, particularly due to combined deformations 
and dependent primitive failures , the task becomes quite involved. However, 
by solving this complex problem, significant gain in efficiency can be 
obtained. This is because the computational cost for an analytical approach 
is mainly due to numerical integrations and these integrations can be 
performed very efficiently. Thus the savings in CPU time can be quite 
su bstan tial. 

5.5.2. POF for Macrocells 

In this subsection, we describe an algorithm for determining POF's for 
macrocells or chips. In general, it is very difficult to find the POF for a 
chip accurately and efficiently at the same time. One reason for this is that 
the layout of a chip is quite complex so that the number of possible failures 
is large. Also, many of the design rules are correlated with one another, 
further complicating the problem. As a result, the computational cost will 
be prohibitively high if the POF is calculated in a flat manner. To reduce 
this complexity, one can use a method which first decomposes the POF of a 
chip into two components, i.e. global deformations and combined 
deformations [18]. Next, for each component, in [18] a hierarchical model 
for finding the corresponding POF can be developed, see [18] for details. 
Under this model, a circuit in a chip is decomposed into several sub-circuits, 
depending on the layout complexity. Within each level, one can then 
perform yield simulation for all mask layers. This procedure starts from the 
simple layout patterns, as stated in the last paragraph, and then up to the 
cell and chip level. Finally, the POF of a chip can be obtained from those 
two components. 

POF due to Global Deformation8 

POF's due to global deformations may not be so significant as compared to 
combined deformations. However, they will become more and more 
important in the future due to more tight particle control in clean rooms 
and more stringent design rules. The failure types relevant to this kind of 
POF can be shorts, breaks, and lateral interlayer failures. Since global 
deformations are assumed to be constant within a chip , failures due to these 
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deformations will always occur on the layouts with nominal mInimum 
spacings, widths, and interlayer spacings for shorts, breaks, and interlayer 
failures, respectively. To prove this, consider the example of a short, as 
shown in Fig. 5-26, where layouts with two different spaCIngs are 
highlighted. 

9 9 

x 1 x2 x3 x4 

Figure 5-26: Short due to minimum layout spacing. 

Then the event of failure for these two sets of patterns is equal to the union 
of these two individual events of short. This can be expressed as : 

POF Pr{(x2+g)-(x1-g) ~ C or (x4+g)-(x3-g) ~ c} 
= Pr{g ~ (c-(x2-x1)) / 2}+Pr{g ~ (c-(x4-x3 )) / 2} 

-Pr{g ~ (c-(x4-x3 )) / 2} 
= Pr{g ~ (c-(x2-x1))/ 2} 

(5 .50) 

(5 .51 ) 

where we assume that (x 2-x1) is less than or equal to (x4-x3 ) . This implies 

that to find the POF due to short, only the part of layouts with the smallest 
spacing needs to be considered . This fact can be extended to any N sets of 
patterns. Similarly , it can be shown that only the sets of layouts with 
minimum width and minimum interlayer spacing are required for breaks 
and interlayer failures. 

From the above, we conclude that the problem of finding the POF due to 
global deformations for large layout can be significantly simplified by 
applying Eq. (5.39), Eq. (5.42), and Eq. (5.44) to these nominal minimum 
values . Based upon this fact , an algorithm for finding POF caused by 
global deformations was proposed [18]. Below are described the main steps 
of this algorithm. 
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Step 1: Partition the chip into sets of macrocells. 

In this step, to keep the hierarchical model of defect statistics valid, some 
thresholds of the upper-bound and the lower-bound of the cell area are used 
in the partition. 

Step 2: Find the nominal minimum spacing, nominal minimum width, 
and nominal minimum interlayer spacing, of the cell for each 
mask layer from the Ie layout. 

To achieve this step, the description of the IC layout is first transferred into 
CIF (CalTech Intermediate Format). Then, a special purpose circuit 
extractor is used to extract all the required information by analyzing the 
CIF description . 

Step 3: For each mask layer in the cell layout, find the total areas 
sensitive to shorts and breaks, respectively. 

The sensitive area is defined as a region such that if the center of a defect is 
located in it, a short or a break may occur.8 This sensitive area is a 
function of defect size and layout geometries considered. In this section, we 
determine the sensitive areas based upon some threshold of defect size. 
Given a confidence level a, this threshold can be obtained from the defect 
size distribution under which 100(1-0')% of the defects may occur. Note 
that we do not need to find the total areas of interlayer spacings since we 
assume that the interlayer failures can only occur due to global 
deformations . This step is done by using a scan-line algorithm to analyze 
the IC layout. 

Step 4: Find the probabilities for having no defects on the total sensitive 
areas to short and break, respectively, for each mask layer. 

Let At•s and At•b denote the total areas sensitive to short and break, 

respectively. Then, from Eq. (5.18), the probabilities for having no defects 
in these two areas become 

8Notice that "sensitive area" is equivalent to the "critical area" discussed in Sec. 5.3. 
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D A 
L t,s i 

P = (l--)P. 
diJ,s A tI 

(5.52) 
i=O C 

(5.53) 

where Ac is the cell area and D is the number of defect in chip. 

Step 5: At the cell level, find the FOF's due to short, break, interlayer 
failures, and joint failures, respectively, for each mask layer. 

For the cases of shorts and breaks, Eq. (5.39) and Eq. (5.42) can be applied 
to the nominal minimum spacing and the nominal minimum width, 
respectively. For the case of interlayer failures , only the meaningful 
interlayer combinations need to be taken into account. As examples, the 
interlayer failures for metal layers to contact-cut (or via) are possible while 
the failures for metal to poly may be meaningless. Eq. (5.44) with nominal 
minimum interlayer spacing can be used for the POF of those meaningful 
combinations. Similar to joint failures, only the meaningful combinations of 
any two primitive failures needs to be calculated. Joint failures with 
combinations of more than two primitive failures have been proven to be 
very small and can be neglected. 

Step 6: Find the FOF of the cell. 

Let F, denote the event of any possible failure (short, break, or interlayer 

failure) for any possible mask layer (diffusion, poly, etc) and DO, denote the 

event for no defects in Fr Then the POF due to global deformations for the 

cell becomes 

FOFg=Pr{(F In 001) u ... U (F, n DO,) ... } 

= L Pr{F,nDO I }- L Pr{(F,nDO,)n(FJnDOJ)}+ ... 
i,j,i~j 

= L (PdO)j(P /O)r L (PdO)j(P diJ)iP/JO)jj + . .. 
j,j,j~j 

(5.54) 
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where PdO denotes the probability of no defects, PIO denotes the POF of 

primitive failures, and Pfjo denotes the POF of joint failures. All these 

three terms can be obtained from Steps 4 and 5, respectively. Note that, a 
threshold can be used to bypass the insignificant combinational terms to 
save computational cost. In this case, only the expansion terms with one or 
two primitive failures are considered. 

POF due to Combined Deformations 

Recall that we have assumed that shorts, breaks, and vertical interlayer 
failures may be caused by combined effects. The POF of the vertical 
interlayer failures can be obtained easily by integrating the density of 
pinholes over all possible overlapping areas. Thus, we will focus on the 
POF's due to shorts and breaks in this section. 

In general, the problem of finding POF's due to combined deformations is 
very complicated. This is because, in addition to the design rules, the sizes 
of the spot defects are distributed according to the same pdf and hence are 
correlated. As a result, the computational cost will become prohibitively 
high due to huge number of integrations required, if we consider the 
problem in a flat manner. 

One way to reduce the problem of complexity is to decrease the number of 
patterns to be analyzed. Toward this end, we can approximate some 
number of layout patterns for the same mask layer by a simplified pattern. 
Then, the POF due to the combined deformations for these layout patterns 
can be approximated by just calculating the POF due to one defect on this 
simplified pattern. We call this simplified layout pattern to be an 
equivalent layout. Note that equivalent layout is in concept similar to the 
virtual layout [66, 67] described in section 5.3.1. However, while the virtual 
layout is applied to the entire chip, the equivalent layout is more 
microscopic. It is built in a bottom-up fashion with the precise thresholding 
to save computational cost while still maintaining the desired accuracy. 

Note now that since layout patterns can be simplified by applying the 
equivalent layout, we can combine this concept with the hierarchical model 
to find the POF in the cell and chip levels. Below we describe the main 
steps of the algorithm. 
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Step 1: Partition the macrocells into sets of intermediate logic gates 

Some cells have areas similar to that of intermediate logic gates . In this 
case, partitions are not required and the cell can be treated as an 
intermediate logic gate. Thus, some threshold for area is used to determine 
whether partitions are needed. 

Step 2: Find the equivalent layouts for shorts and breaks, respectively, zn 
each mask layer of each logic gate 

For circuit shorts, threshold for spacing between two layout patterns is used 
while for breaks, threshold will be the width of layout patterns. 

Step 3: Find the probability of 1 defect in the equivalent layout of each 
mask layer within each partitioned logic gate 

It can be shown that the number of defects occurring in the equivalent 
layout can be assumed to be at most equal to 1, if the area of the equivalent 
layout, A (=L W), satisfies the following criterion: 

eq eq eq 

A c 
->D A -

eq 

(5.55) 

where Ac is the cell area and D is the number of defects per chip. This is 

because the number of the defects on the cell, A c' can be at most equal to D 

due to clustering (although the probability may be very small). Thus, if the 
ratio A/A is smaller than or equal to D, then the average number of 

c eq 
defects on A may be greater than 1, due to the assumption of uniform 

eq 
distribution of defects within a cell. As a result, if A satisfies the above 

eq 
criterion, Eq. (5.19) can be applied to calculate the probability of 1 defect in 
the equivalent layout: 

Step 4: Find FOF's due to shorts and breaks, respectively, zn each 
equivalent layout for each mask layer 
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This can be done by applying Eq. (5.40) and Eq. (5.43) to the corresponding 
equivalent area, respectively. 

Step 5: Find POF's due to shorts and breaks, respectively, zn each logic 
gate for each mask layer 

m2 

logic ate 

Figure 5-27: A partitioned logic gate. 

Consider the case of short, as shown in Fig. 5-27. If A denotes the 
eq 

equivalent layout for short and (rna' m b ) represents the layout patterns 

with the spacing A , then we can define Dl and F to be the events of 
eq eq eq 

"I defect in A "and "short in (m , m b )", respectively. Then the POF due 
eq a 

to combined deformations for this equivalent layout becomes: 

(5.57) 

where (m , m b ) is the layout patterns with the spacing A , and Pdl and a eq ,eq 
P r1 can be obtained from Steps 3 and 4, respectively. This method can be 

,eq 
also applied to break for all the mask layers. Note that, joint failures, in 
this case, can be neglected due to the very small value of the product of the 
probabilities for 1 defect in both individual failure events. 

Step 6: Find the POF of the macrocell 

Consider Fig. 5-28, where a macrocell with partitioned logic gates is 
highlighted. Let F IJ denotes the event of failure on the equivalent layout of 

the ith mask layer in the jth logic gate and DIIJ represents the event of 1 

defect on this equivalent layout. Then the POF for a macrocell becomes: 
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I pOly 

equivalent 
layout 

gate 1 

Macrocell 
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gate 3 

Figure 5-28: A functional cell with partitioned gates. 

FDFc=ft{(Fu n DIu) U ... U (FIJ n DIIJ) ... } 

= L ft{F IJnDIIJ}- L ft{(F IJnDIIJ)n(F klnDIkl)}+ 
i,j i,i,k,l 

i ,i i,i,k,l 
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(5.58) 

where Pdl and ft{F IJ} are already obtained form Steps 3 and 4, 

respectively. To find the second term in the RHS of Eq. (5.58), a large 
number of the possible joint failures need to be calculated. Fortunately, the 
computational cost is not prohibitively high since, in most cases, the two 
primitive failures of a joint failure are independent with each other. More 
precisely, we have 

1. If i = k and j = I, then ft{F IJ n F kl} is equal to 0 since F IJ 
and F kl are the same event. 

2. If i "" k, then F IJ and F kl are independent and ft{F IJ n F kI} 
= ft{F lJ}ft{F kl}, where ft{F IJ} and ft{F kl} are already 
found in Step 4. 

3. Otherwise, F IJ and F kl are dependent and appropriate formulae 

can be used to find A-{FIJ n F k1 }. 
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Final POF for a Macrocell 

At this stage, we already know FOF and FOF of a macrocell. Note that 
9 c 

FOF and FOF are defined in such a way that both of them are 
9 c 

independent. This is because conditional probabilities for no defect and for 
defects to occur in some regions of interest are already taken into account 
for FOF and FOF, respectively. Besides, from the investigation of these 

9 c 
two components, all the possible failures which are not negligible are 
included in our methodology. Thus, the final POF for a macrocell is given 
by 

FOF FOF + FOF. 
9 c (5.59) 

5.5.3. Implementation 

A prototype software system called RYE [18] was written in C language. 
Currently, it can find probabilities of failure for macrocells for both NMOS 
and CMOS technologies. It considers the specific lC layout and accounts for 
most fault mechanisms caused by global geometrical variations and local 
defects. 

Two key aspects should be emphasized. First, a model for defect spatial 
distributions in a hierarchical manner has been derived. This model, unlike 
the methods which use curve-fitting based statistics, is microscopic and 
analytically-based and includes a new approach to account for local 
clustering at cell level. Second, a hierarchical method for POF calculation 
has been developed. This method allows us to calculate the POF's of 
primitive and joint failures for simple layout patterns. Then, based upon 
these POF's and defect spatial distributions, probabilities of failure at more 
complex circuit levels, such as logic gates and macrocells, can be determined 
in a bottom-up fashion. In [18] a number of examples are shown which 
illustrate efficiency of the yield computation method implemented in RYE. 
The efficiency was high indicating that functional yield loss can be 
effectively computed for relatively large lCs. 



Chapter 6 
Computer-Aided Manufacturing1 

In this chapter we present a methodology for statistical process control of 
VLSI fabrication processes. We formally introduce a general framework for a 
Computer Aided Manufacturing system that can be used to monitor, 
diagnose and control IC manufacturing . We formulate the task of process 
control as one of profit maximization and develop the associated objective 
function and the constraints for a number of manufacturing scenarios. 

6.1. Motivation 

Any VLSI manufacturing line is subjected to two types of constraints: 
external and internal. External constraints are specified by the customer and 
include bounds on the output performances of the IC's and delivery dates. 
Internal constraints, on the other hand, consist of the restrictions imposed 
by the manufacturing process and the technology. These include processing 
times for the different fabrication steps, resource capacities, mean failure 
rates, as well as inherent random process fluctuations associated with each 
step. Together these constraints affect the number of acceptable chips that 
can be delivered to the customer . 

The aim of any VLSI manufacturer is to maximize the total profit while 
meeting all the constraints listed above. Profit is affected by a number of 
factors. The inherent process fluctuations cause significant yield losses and 
that in turns results in a drop in the total profit of the IC fabrication line. 

1This chapter is based on the papers: • Statistical Control of VLSI Fabrication Processes: A 
Framework' by P . K. Mozumder, C. R. Shyamsundar and A. J . Strojwas, and 'Statistical 
Control of VLSI Fabrication Processes: An Implementation', IEEE Trans. on Semiconductor 
Ma.nufacturing, vol. 1, May, 1988. 
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Maintaining a high throughput rate alone may not be sufficient to offset 
the impact of a low yield . Fabrication process times cannot be assumed to 
be constant, especially since some of the fabrication steps may have to be 
redone complicating the job of scheduling individual process steps. 
Fabrication costs are affected by rework which affects the total profit. In 
addition, IC demand fluctuations and scheduled and unscheduled downtimes 
of the resources available to a manufacturing line make it difficult to arrive 
at a policy to maximize the total profit. 

The total profit is affected by the different fabrication/assembly costs and 
revenue associated with the fabrication process [98, 102]. These costs and 
profits are in turn dependent on several aspects of the particular fabrication 
process that a lot undergoes. Some of the processing steps are performed on 
entire lots and hence the total cost associated with such steps will not 
depend significantly on the number of wafers. Other processing steps are 
performed on individual wafers and the costs associated with such steps 
depend on the number of wafers. The above costs are referred to as front 
end costs . After the wafer processing stage, wafers are divided into 
individual chips each of which are probe-tested. The chips that pass these 
tests are assembled, packaged into IC's and then undergo functional tests. 
The costs associated with these testing and assembly operations are grouped 
under the category of back end costs. Note that the probe and functional 
tests are performed on individual chips as opposed to the fabrication 
operations which are performed either on individual wafers or on lots of 
wafers. In a fabrication process with a very high yield, the back end costs, 
which are approximately proportional to the number of good chips, 
dominate. This is because, on a per chip basis, the costs associated with chip 
level operations are much higher than those associated with wafer/lot level 
operations. However, if the yield were very low (which is the case for a 
complicated VLSI manufacturing process), the front end cost per good chip 
may be comparable to the corresponding back end cost. Clearly, an IC 
manufacturer needs to know the profit per good chip in order to maximize 
the total profit from the IC manufacturing line. 

A number of decisions concerning the continued processing of the lot 
undergoing fabrication are made during the course of the fabrication 
process. These include rejection of the lot, acceptance of the lot for further 
processing and rework of the previous step. The total profit serves as the 
objective to be optimized while making these decisions. For instance, a lot is 
rejected if the total profit expected from the lot does not justify the 
fabrication cost that will be incurred if the lot were to be processed 
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completely. The fabrication process has to be controlled effectively in order 
to realize the objective (maximizing the total profit). Control procedures can 
be on-line or off-line. While on-line control deals with process monitoring 
and quality control , off-line control deals with quantity control for 
throughput maximization, diagnosis which is the method of identifying the 
fluctuations which cause a yield drop, and redesign. 

The total profit depends on a number of parameters, the fabrication yield 
being one of the salient among these. Other parameters of interest include 
process stability and robustness which affect the lot to lot variation of the 
yield. In complex VLSI processes, the total production yield and hence the 
profit may be significantly affected by the variability of a single critical 
circuit performance. These mechanisms for profit loss can be countered by 
designing the process as well as the circuit so that the critical parameters, on 
which the profit depends, are least sensitive to process fluctuations. The 
design can then be supplemented by appropriate diagnosis and process 
control. Thus, the lot being processed is monitored via in-line and test 
structure measurements and then suitably controlled based on the observed 
deviations of the process conditions from normal. 

Present day VLSI manufacturing lines rely heavily on several forms of 
computer aided manufacturing (CM-l) systems to perform some of the off­
line and on-line control procedures discussed above. Specifically, these CM-l 
systems perform a number of passive functions such as implementing 
processing schedules, acquiring large samples of in-process data and 
postprocessing the data without making full statistical inferences about the 
process. In this chapter we describe an improved CM-l system, called CMU­
CM-l system, that is capable of performing not only the passive functions 
presently in use but also a number of active functions such as process 
diagnosis and statistical control based on the gathered data. This system 
attempts to integrate the independent phases of IC fabrication, namely 
design (process and layout), wafer processing, testing, diagnosis and control, 
into a set of strongly interacting subsystems for the purpose of maximizing 
the profit from the fabrication line (Fig. 6-1). 

6.2. Overview of the CMU-CAM System 

The CMU-CM-l system (Fig . 6-1) is composed of three strongly coupled 
blocks: design for manufacturability, statistical process control and 
diagnosis . The objective of design for manufacturability is to develop a 
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Figure 6-1: CMU-CAM system capabilities. 

design that minimizes the sensitivities of the output performances of the 
fabricated ICs to the random disturbances affecting the manufacturing 
process. Several methods of performing this optimization exist in literature, 
two of which have been used in the context of statistical process control: 
design centering and quality improvement techniques using signal to noise 
ratios [119, 11]. Design centering concepts from [23, 113, 12] have been 
implemented in the CMU-CAM system for process control purposes [77, 102] 
and can also be used for IC design optimization. Data gathered by the CAM 
system together with statistical process and circuit simulators enable the 



OVERVIEW OF THE CMU-CAM SYSTEM 233 

characterization of the fabrication line which plays a crucial role in design 
and synthesis of the IC. The design phase may also involve the 
manufacturing of test lots, the data from which can be used to fine tune the 
design. The data gathered during the design phase is later used to schedule 
lots and monitor them. 

Design is followed by wafer fabrication which consists of a large number of 
complex processing steps. During the fabrication process, a number of in-line 
measurements (such as oxide thickness, sheet resistances and junction 
depths) are made after each salient processing step. The data from these 
measurements enables the system to determine whether the lot under 
fabrication is subjected to the expected process conditions and disturbances. 
Based on this knowledge the process can be diagnosed to determine the 
causes of the deviations from the designed process trajectory . The process 
trajectory is the state of the process determined from a set of in-line 
measurements that allows the system to evaluate the outcome of the lot 
under observation. (A more formal definition of the process trajectory is 
presented in Section 5 .) The statistical process control subsystem can then 
be invoked to use the data gathered during the fabrication steps to bring the 
process back to its designed trajectory. Process and equipment diagnosis 
play an important role in correcting and updating process designs from lot 
to lot. This is especially useful during initial stages of manufacturing an IC, 
i.e., when the process has not completely stabilized. We now turn to a 
discussion of statistical process control in the framework of the proposed 
CAM system. 

6.3. Statistical Process Control: The Unified 
Framework 

Statistical process control entails monitoring and then controlling the 
fabrication process to optimize a desired objective. In any fabrication line, 
two different objectives are used and correspondingly two forms of control 
are possible, viz. , quantity control and quality control. Quantity control 
systems maximize throughput, i.e., maximize the number of wafers 
fabricated in a given period of time, whereas quality control systems 
maximize individual lot yields. Scheduling the lots in a fabrication process is 
very important since different process flows may be required for different 
IC's, and at any time a number of processes compete for available resources. 
The quantity control approach works well for a high volume manufacturing 
process with a high and stable yield, but is not entirely suitable for a VLSI 
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fabrication process where the yield is typically much less than 100% and not 
constant (see Fig. 6-2) . 
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Figure 6-2: Yield loss in an IC fabrication process. 

The CMU-CAM system addresses profit maximization within a unified 
framework in which both quantity and quality controls are considered. 
Depending on the predicted value of the profit, four possible decisions can be 
made to minimize the total fabrication costs thus maximizing profit: 

1. To let further processing of the given lot continue without any 
modification to the process trajectory (the normal process), when 
the predicted fabrication yield is above its threshold of 
acceptability . 

2. To explore the possibility of corrective measures, by 
manipulating the future process parameters, whereby the 
expected profit is set above the threshold of acceptability. This is 
done when the predicted profit fails to satisfy the previous 
criterion . If a feasible solution exists, the lot is processed further 
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with the new set of process parameters. The process of 
determining and manipulating the future process parameters is 
feed forward control . 

3. To rework a previous faulty process step. Rework is not always 
possible for all process steps (e.g. , implantation or thermal 
redistribution) especially where the step cannot be immediately 
observed via in-lines . 

4. To reject the lot from further processing, when the expected 
profit from the lot does not justify its further processing. The lot 
is rejected in the case where it is not cost effective to continue 
further processing or take corrective measures because of large 
process deviations from the designed (or normal) trajectory. 
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Process yield maximization, as attempted by the quality control system, 
does not imply a profit maximization. A lot which is rejected at an 
intermediate stage results in zero yield, but saves the cost of future 
processing steps as well as frees up the fabrication equipment that could 
then be used to produce a lot with a much higher yield. So while no income 
can be derived from the rejected lot, the cost of manufacture is minimized. 
It is also possible for the system, based on the feed forward control , to 
determine a new set of values of controllable process parameters in 
subsequent steps that would result in a higher yield that would make further 
processing of the lot profitable. Therefore, the objective of the control 
system will be profit maximization, as opposed to yield or throughput 
maximization, when trying to schedule, control and optimize the fabrication 
process . 

At the start of the fabrication process, lots are scheduled using production 
planning algorithms to maximize the profit . A static distribution of circuit 
performances and hence yield is used by the planning algorithm to maximize 
the total profit. The values of the moments of the circuit distribution are 
based on prior experience, test runs, as well as the information gathered 
during the design process. However, process disturbances can differ 
significantly from the values estimated by the process characterization 
algorithms, as well as vary significantly from lot to lot . Hence it may 
become necessary to modify the plan after a particularly good or bad lot has 
been processed. It is therefore imperative to monitor each lot undergoing 
fabrication and make quality control decisions regarding the future of the 
lot. These quality control decisions may lead to modification of the 
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processing schedule. In cases of lot rejections, especially, it is necessary for 
the future lots to be rescheduled so as to maximize the profit. It is evident 
that there should be a transfer of information between the quantity and 
quality control subsystems. This is carried out by a short-term scheduler . 
For the quantity control system the short term scheduler will determine 
whether a rescheduling is necessary as a result of quality control, and if so 
perform it. For the quality control system, it will inform the system of a 
change in the expected profit due to the quantity control decisions, based on 
the success of previous lots, the time remaining to meet the demand and 
present state of the lot being monitored. This information will help the 
quality control system to determine the thresholds of acceptability and 
rejection. Therefore the quality and quantity control operations can be 
looked upon as the inner and outer loops in the overall profit maximization 
problem respectively. 

It is not sufficient to be able to make quality control decisions in the 
fabrication process when the lot to lot variations in the process are large, i.e 
the process is not sufficiently stable. Process diagnosis, which is the method 
of determining the process variations from in-lines as well as output 
performances, becomes an important part of the OAM: system enabling 
redesign of the process. It can be used to update the schedules determined by 
the quantity control system by modifying the yield estimate used by the 
scheduler. 

6.3.1. Profit Function 

In a typical 10 fabrication line, a number of different fabrication recipes 
being used in order to manufacture different kinds of IO's. From the 
viewpoint of wafer fabrication all of the IO's that are manufactured using 
the same recipe (fabrication, sort, assembly and test) can be considered to 
belong to a single product group. The front-end fabrication costs will be the 
same for all IO's in the same product group. 

In our formulation, we have assumed that for each 10, lower and upper 
bounds on the demand are specified. The aim is to fabricate at least as 
many lots of each 10 as are required to meet the lower bounds on their 
demands within the specified due dates. For each 10, as many lots as are 
required to meet the upper bounds on its demand will be scheduled. 
Penalties will be assessed when lower bounds are not met within the 
specified dates. Fig. 6-3 shows a typical demand function with five demand 
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dates along with the lower and upper bounds on the demand at each of 
these dates , e.g., N~11 and N~lu are the lower and upper bounds on the 

demand (for Ie type i) at the first demand date, T~lem. 
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Figure 6-3: Ie demand curve. 
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The objective function is given as the summation of the cost, penalty and 
revenue associated with each type of Ie. Specifically, for each Ie type, there 
is a back end cost, front end cost, revenue from the good Ie's and penalty 
for not meeting the lower bounds on the demand at each of the demand 
dates. 

Let T~ch represent the time at which the mth demand of the ith type of Ie is 
1m 

met. Let N~ represent the average number of good Ie's expected from each 
I 

lot (of Ie type i) that is scheduled. T~ch must not exceed the demand date 
1m 

T~;m in order to avoid the penalty for not meeting the demand. The 

objective function can be expressed as follows : 
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~c 

L ~ - ~(c{e + ~e)-I; 
i=l 

The C~e and C?e terms refer to the front and back end costs. The penalty 
1 1 

function f~ is given by 
1 

I; = L MAX(Kim(~: - -r:~m) , 0) 
11m 

There is a penalty associated with each demand that is not met by the 
specified date and the total penalty is the sum of the individual penalties. 
Kim is the penalty factor associated with the mth date for the ith type of IC. 

The revenue from the good chips is given by 

t=dcN.N. 
I ., I 

where, de is the market price of the IC and C~ is the average number of 
1 1 

good IC's accepted from each of the N l lots that are scheduled. 
1 

6.4. CMU-CAM Software System 

In this section we present the algorithms used to implement our system 
along with the description of their software implementations. The CMU­
CAM system performs three major operations - modeling, quality control 
and feed forward contro!' In order to increase the efficiency of modeling and 
control, we first decompose the problem using statistical factorization 
techniques. 

6.4.1. Decomposition 

The first part of the CMU-CAD system deals with problem decomposition, 
where the in-lines (such as oxide thicknesses or junction depths) are clustered 
and then statistically factorized to identify the factor in-lines [78J. The 
decomposition subsystem performs two salient activities: problem 
decomposition, and determination of process observability and 
controllability. In an actual IC manufacturing line, fabrication process data 
gathered from test lots can be used to cluster and factorize the in-lines. We 
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use FABRICS [81] (tuned to the desired process), as a virtual fabrication 
line, in conjunction with the circuit simulator SPICE. 

The first step of problem decomposition consists of clustering the in-lines 
such that no two in-lines from two different clusters have a coefficient of 
correlation greater than a certain threshold value Pr The clustering can be 

expressed as 

where 

0p ,Oq 

'VU .EO, U .EO (p~q) 
I P J q 

are the pth and the qth clusters and 

Pij 
is the multivariate correlation coefficient between U. and U_ 

I J 

(6.1) 

Since PT is the upper bound on the value of correlation of any two elements 

from two different clusters, it is called the inter-cluster correlation. Ideally, 
if this value is set to zero the clusters will be independent of one another 
thus ensuring that there are no common process parameters or disturbances 
which affect more than a single cluster. However, since there exists small 
correlations between otherwise independent in-lines - caused by weak 
dependencies between certain process parameters, disturbances and in-lines -
PT is kept above a critical value. This ensures that the clustering algorithm 

is insensitive to these weak dependencies which do not significantly affect 
the accuracy of control and allows the system to decompose the problem 
into subproblems of smaller dimensionality. The exact value of PT is 

dependent on the percentage of variance of the in-lines that needs to be 
accounted for, the confidence interval of the correlation coefficient arising 
from a finite sample size, and the error that can be tolerated due to 
misclassification. These factors jointly determine sample size and the lower 
bound on the value of PT . 

Principal component decomposition is applied so that n in-lines in the 
cluster can be represented as a linear combination of n principal factors [42]. 
The decomposition can be expressed as 
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U j = \lFl + . . 
i = 1,2, ... ,n; 

+A.F.+ 
I) ) 

+A. F 
In n (6.2) 

where U. is the ith in-line In the cluster to be factorized, F. is the jth 
1 ) 

principal factor and A .. corresponds to the factor loading of F. on U . . Only 
I) ) 1 

those factors which contribute significantly to the variance in the cluster are 
used to represent the cluster [77) . In-lines within the cluster are then 
identified with these principal factors . These in-lines, collectively known as 
factor in-lines , form the set of loosely correlated variables which are able to 
effectively represent the clusters to which they belong [78). 

The data for problem decomposition is generated by running F AERICS 
repeatedly where each run is preceded by generating a realization of the 
disturbances. Each device simulation is followed by a circuit simulation 
using SPICE. The data is gathered in the form of vectors of process 
parameters, disturbances and their corresponding in-line, device and circuit 
performance parameter values. The clustering algorithm uses the 
n -dimensional vector of in-lines and creates a n X n-dimensional 

u u u 
correlation matrix. The matrix is symmetric and positive semi-definite. A 
search is then carried out over the upper triangular part of the matrix and 
an in-line is accepted into a cluster if its correlation coefficient with at least 
one of the in-lines already in the cluster is greater than PT (which is 

determined based on the desired confidence level). If the in-line has a 
correlation coefficient less than PT with all the in-lines in the existing 

clusters, it forms a new cluster. If, on the other hand, an in-line is a 
candidate for more than one cluster, then all such clusters are coalesced. 
Once the search is completed, the algorithm creates a correlation matrix for 
each of the clusters from the parent correlation matrix. These matrices then 
act as inputs to the factorization algorithm. 

Using the constraint that factors of each cluster have to be chosen such that 
the first factor accounts for the maximum variance in the cluster, and all 
succeeding factors account for the maximum variance of the residual, the 
factor loadings can be represented in terms of the eigenvalues and 
eigenvectors of the correlation matrix C [42). Specifically, 

vA. 
1 

(6.3) 
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where 
A. 

1 

is the ith largest eigenvalue of C and 
e .. 

JI 
is the jth element of the eigenvector corresponding to Ai. 

241 

The ratio of the ith eigenvalue to the trace of C represents the fraction of 
the variance accounted for by the ith principal component. Therefore all 
those eigenvalues which do not contribute significantly to the trace of the 
correlation matrix are deleted without loss of accuracy. Depending on the 
accuracy desired, the first k out of n eigenvalues are chosen. The eigen­
system is determined by applying the method of Upper Hessenberg 
Reduction [74,43] and QR decomposition to C repeatedly whereby the 
matrix is reduced to a diagonal form [37]. 

The algorithm then chooses the first k eigenvalues such that 

2::=1 Ai /2:7=1 Ai ::::: {3 where {3 is the fraction of the variance specified by 
the user. It should be noted that the fractional error introduced by 
thresholding is (1-{3). Thus any value of PT' used during clustering, which is 

less than (1-{3) will not cause any additional errors to be incurred due to 
misclassification . The corresponding eigenvectors are used to generate the 
loadings of the k principal factors using Eq. (6.3). The next step consists of 
identifying in-lines which are the closest approximations to the k chosen 
principal components. Since the cluster consists of inter-correlated in-lines, it 
is not possible to identify each of the factors with an unique in-line 
accurately. The criterion chosen for picking an in-line to represent a factor 
is that the factor must account for at least a certain minimum percentage of 
the in-line's variance (i.e. the factor will have to be strongly correlated to 
the in-line which will represent it). In case more than one in-line satisfies 
this condition, the one with the highest loading due to the factor is chosen. 
If no single in-line satisfies the correlation criterion, then a pair of loosely 
correlated in-lines which satisfy the criterion is chosen. Once the factor in­
lines are derived all other in-lines in the cluster can be represented using 
them. However, since the non-factor in-lines are not necessarily observed in 
the same step as factor in-lines, they can be represented by the set of 
previous factor in-lines and the intervening process parameters and 
disturbances. The algorithm is biased towards choosing in-lines that are 
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observed early in the process as factors. This is done by imposing a graded 
penalty for choosing in-lines observed late in the process. Biasing is 
favorable from the viewpoint of quality control since it is desirable to detect 
deviations in the process trajectory early in the process . 

The results of the problem decomposition algorithm have been used to 
create models by the multi-layer regression software described in the next 
section. An example of the problem decomposition for a 4-device NMOS 
process is presented in conjunction with a device parameter model at the end 
of the next section . 

6.4.2. Modeling for Process Control 

The aim of the modeling subsystem is to create models of the fabrication 
process that are suitable for control, based on the data gathered from the 
fabrication line or simulators that emulate the fabrication process . The 
models relate the process parameters and disturbances to the in-lines, and 
the in-lines to the circuit performances. The total profit can be derived as a 
function of the acceptability region and the jpd/ of the output 
performances. For effective control, it is desirable that the models be 
sufficiently accurate and efficient so that they can be repeatedly run for 
prediction as well as optimization . 

The models are built using a multi-layer regression algorithm that 
determines the degree and coefficients of polynomials adaptively without 
paying the penalties of large CPU times and memory [45]. The 
implementation of this algorithm, MULREG, is described in [102]. Model 
building is performed in a sequence of layers. In each layer of multi-layer 
regression, a number of low-dimensional models are created using the sample 
data and intermediate variables are generated. Each intermediate variable is 
a polynomial of a subset of the total set of inputs to that layer and is the 
best possible representation of the output for that subset of inputs. 
Typically , such a subset will contain two inputs. The more significant of 
these intermediate variables, i .e. those which are better approximations to 
the output than the rest , serve as inputs to the next layer . Each layer is 
built by generating a number of low-dimensional models. Hence, unlike in 
the case of traditional regression methods, the additional memory required 
does not grow rapidly with an increase in the degree of the polynomial. The 
flowchart of MULREG can be found in Fig. 6-4. 
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Normalization of Input variables 

Initial selection of Input variables 

Selection of significant Input variables 

Generation of checking and training data 

Generation of Intermediate variables 

Selection and storage of Intermediate 
variables 

Calculation of quality of fit using 
checkln data 

Generation the output 
variable 

Figure 6-4: Flowchart of MULREG. 
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The factor in-lines in a cluster are represented by the process parameters 
and disturbances that govern the cluster while the non-factor in-lines and 
the device parameters/ circuit performances are represented in terms of the 
factor in-lines as well as some of the process disturbances which affect the 
output performances but whose effects are not captured by the factor in­
lines. Fig. 6-5 depicts an example of a two layer model of a device parameter 
created using MULREG. The device parameter (NE-CGBO) modeled is the 
gate to bulk capacitance of an enhancement transistor of a 4 device NMOS 
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process, details of which are presented in Section 6. Data for the models was 
generated using FABRICS. The problem was decomposed into 10 
subproblems and each of the device parameters generated by FABRICS was 
modeled. NE-CGBO was found to depend on two factor in-lines: thickness of 
gate oxide (thsio2gate2) and junction depth of the field implant (xjf4) . The 
factor in-lines in turn were represented using 8 process parameters and 
disturbances, 3 for thsio2gate2 and 5 for xjf4. 

TEMPGATE· 
OX2 

UNEARORY 

NE CGBO 
(D~VICE 

PARAMETER) 

P02GATE· 
OX2 

TEMPGATE· 
OX1 

TEMPFIELD3 

P02FIELD2 

DIFFBORON 

Figure 6-5: 2-layered model of a device parameter 
generated by the modeling software. 
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6.4.3. Statistical Quality Control 

MEASURE 
PERTINENT IN-LINES 
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.NO 
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IF 
ACCEPT REJECT 
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Figure 6-6: Quality control of an Ie fabrication line. 

The quality control subsystem (see Fig. 6-7) comprises several smaller 
software modules each of which indicates a decision made by the quality 
control subsystem. Together with these decision making modules are 
programs which indicate the activities that must precede the decision 
making process. These activities are determination of the process 
observables, estimation of the joint probability density function (jpdf) of 
the observables and determination of the region of acceptability based on 
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Figure 6-7: Overview of the control system. 

• 

the constraints specified by the customer. We first describe the algorithms 
that perform the above tasks and then the algorithms required to implement 
the three decision making systems. 

The first step consists of determining the in-lines which will render the 
process observable , from the constraints and the objective. Process 
observability consists of identifying in-lines that affect the fabrication yield 
based on which the quality control decisions are made. The models created 
are appropriate for the identification . During problem decomposition quasi-
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independent factor in-lines are identified which act as inputs to the second 
layer of the model. Therefore the in-lines to be observed are a subset of the 
factor in-lines together with the process parameters and disturbances that 
form inputs to the second layer of the model. Since the models are 
polynomial in form, dependency trees which relate dependencies of the 
circuit performances on the factor in-lines, process parameters and 
disturbances can be identified by parsing the second layer . A dependency 
tree is a graph where the edges represent the model dependencies and the 
nodes represent the dependent parameters. Once the external constraints and 
the objective of interest are known, the system determines the circuit 
performances to which the objective is sensitive. Using the dependency trees 
the factor in-lines, process parameters and disturbances which are necessary 
to monitor these circuit performances are then determined. Throughout the 
remainder of this paper these parameters will be referred to as observables 
and will be represented by a vector of continuous random variables W. The 
dependency trees can be extended similarly, from the viewpoint of feed 
forward control, to determine the process parameters which affect the 
output performances. 

The next step consists of estimating the moments of the observables from 
the in-line measurements made during the process. The objective of interest 
for quality control, yield , is dependent on the jpdf of output performances, 
lj/z· Since lj/z in turn is dependent on the jpdf of the observables, lj/w, it is 

necessary to be able to statistically estimate lj/w. The estimation procedure 

comprises two parts, determining the type of the distribution , i.e. the 
moments which characterize the Jpdf, and the sample size necessary to 
perform the estimation of the moments with the desired confidence. A 
simplification is made at this point by assuming that lj/w is multivariate 

normal. In our examples this assumption is not significantly erroneous. 
Chi-square (goodness of fit) tests show that most of the in-lines display a 
trend towards normality while most of the remaining can be accounted for 
as log-normal (e.g. source/drain sheet resistance in an NMOS process) . AU 
the disturbances are assumed to be normally distributed and independent . 
The resultant ipdf lj/W in the space of observables, which constitute a 

nw-dimensional space, can be represented in terms of a mean vector 

E[W] = (E[WIJ, .. . ,E[Wn ]) and a covariance matrix EM" and expressed as 
w 
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lIT -1 
t/tW = I exp(--[W-E[W]] EW [W-E[WlJ). (6.4) 

[(2J7) nw det EJ1 2 2 

The problem of estimating the t/tw then reduces to the problem of 

estimating E[W] and Ew The sample size required for the estimation, 

which in turn determines the number of in-line measurements, is dependent 
on the number of moments that need to be estimated and the confidence 
desired. Expressions relating the confidence interval in terms of the sample 
size and the order of the moments exist in literature [46]. Once the 
confidence interval is decided upon, the sample size can be calculated. In 
general, the increase in the sample size is superlinear for a linear decrease in 
the confidence interval. A minimum sample size for each of the parameters, 
mean, vanance and correlation coefficient, IS determined from the 
corresponding confidence intervals. The maximum of the three is then 
chosen as the required sample size. In practice the sample size is also 
restricted by the practical cost limitations on the number of test structures 
that can be used and the measurements that can be made in a fabrication 
process. A tradeoff between the cost and the accuracy desired (reflected by 
the confidence interval) has to be used to derive the sample size. 

The third part of the quality control system deals with the determination of 
the acceptability region in the space of observables. The need for 
determination of the acceptability region stems from the fact that the 
acceptability region specified by the customer is in the space of circuit 
performances while the in-line measurements are performed to estimate the 
jpdf in the space of observables. The deviation of the process from its 
normal trajectory is determined by comparing the jpdfs of the normal and 
the observed processes. The constraints in conjunction with the process 
deviation enable the system to make one of the four quality control 
decisions. Two distinct possibilities exist 

1. To evaluate t/tz from the estimated t/tw using the models . 

2. To derive the acceptability region in the in-line space, R w ' from 

the acceptability region in the circuit performance space, R z. 
This can be achieved by the method of Simplicial 
Approximation [23]. 
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If 1/IZ is to be estimated from 1/Iw then either a mapping of the moments of Z 

in terms of the moments of W must be derived from the existing models, or 
a point by point mapping of the samples in the W space to samples in the Z 
space must be done. The disadvantage of this method is that it requires a 
knowledge of the type of distribution of 1/Iz . In addition, mapping the 

samples from one space to the other would be extremely time consuming. 
From the viewpoint of static quality control the inverse mapping of the 
acceptability region has to be done only once at the start of the process. It 
needs to be changed only if the process model is changed . Such a change 
may be required when a process parameter is significantly modified as a 
result of either feed forward control or process diagnosis. The mapping of 
the acceptability region in the space of performance parameters, R z ' to the 

acceptability region in the space of observables, R w ' cannot be performed 

using a point to point mapping scheme. This is because the complexity and 
non-linearity of the models make the derivation of an inverse mapping 
infeasible. Therefore the system uses simplicial approximation as the method 
of deriving the acceptability region in the space of observables. Simplicial 
approximation uses an exact acceptability region in the output space and the 
forward transformation to generate an interior approximation of the 
acceptability region in the input space. 

The method of simplicial approximation locates and approximates the 
boundary of an acceptability region in an n-dimensional input space by a 
polyhedron of bounding simplices given the corresponding acceptability 
region in the output space and a mapping from the input to the output 
space [23]. The algorithm for simplicial approximation can be found 
in [23, 77]. Once the simplicial approximation to the acceptability region in 
the W space is determined, the quality control decision criteria can be 
derived based upon the estimated 1/Iw 

6.4.4. Acceptance and Rejection Criteria 

The output from the systems described in the previous section is used by the 
decision-making part of the quality control system. Decision making consists 
of a sequence of evaluation steps that are based on the deviation of the 
observed jpdf from that of the nominal process. The procedure for rejection 
is based on identifying cases where the process deviation is large enough to 
be detected via a single in-line or a linear combination of them . Acceptance 
on the other hand is based on cases where the jpdfs are not significantly 
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different. In this section we will describe the algorithms for rejection and 
acceptance that are inexpensive compared to the direct approach -
estimating the fabrication yield and then deciding on acceptance, rejection 
or correction. 

The difficulty associated with the estimation of yield by integration is due 
to the complexity of the indicator function, which is reflected in the 
complexity and number of constraint equations that define the acceptability 
region in the space of observables. The indicator function in the space of 
observables (<1>w) is expressed as 

{
I, 

<1>(VV) = 
0, 

U2 

otherwise 

TRANSFOfIIIAlIONS ('I. AU) 

APPROXIMA nONS 

L..-______ U1 
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Figure 6-8: Yield estimation. 
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The problem of a complex indicator function is overcome in the quality 
control system by approximating the acceptability region by a hyperbox. 
The integrals can then be decoupled and the final yield can be approximated 
as the product of several partial yields (see Fig. 6-8). Using the 
approximation that the jpdf in the in-line space is multivariate normal and 

that the various factor in-lines are independent Ew and E~l in Eq. (6.4) are 

diagonal. Therefore, if the acceptability region is a hyper box the yield can 
be expressed as 
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where 
L. 

I 

00 

/ 
-00 

HI 

=/ 
Ll 

00 

/ Vi~W)<P~W)dwl ... dWnw 

-00 

H nw 

p(wl)dw1 / p(wn)dwnw 
L nw 

denotes the lower bound of the hyperbox in the ith dimension, 
H . 

I 

denotes the upper bound of the hyperbox in the ith dimension, 
p(w) 

denotes the marginal distribution of Wi" 

251 

(6.5) 

The orientation of the hyperbox is derived using a heuristic. The largest 
face of the acceptability region, which is determined by the simplicial 
approximation algorithm, is aligned with one of the faces of the hyperbox. 
Of the other (2n-1) faces, (2n-2) are orthogonal and one is parallel to the 
first face. These faces pass through the extreme points of the polytope in the 
direction of outward normal to the planes. Determination of the first plane 
also defines exactly the rotation necessary for the coordinate axes to align 
the box to the new coordinate system. Let this rotation operation be denoted 
by a matrix A representing a linear transformation of the original 
coordinate axes to a new set of axes. Given that the transformation of the 
axes is expressed as 

V=AW (6 .6) 

the jpdf in the V space, IfIv' can be expressed as a multivariate normal 

distribution similar to Eq. (6.4), where Ev=AEwAT and E[V] =AE[W]. 
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Since the transformation corresponds to pure rotation, A is unitary. Matrix 
A can be derived using the idempotency and conjugacy properties of 
solutions to orthonormal transformations. However, even when A is unitary 
Ev is not diagonal in general, which means that decoupling cannot be 

achieved. The situation is remedied in the system by scaling the original 
space so that the covariance matrix is an identity. If the scaling matrix is 
denoted by S, where S is diagonal with S .. = 1/ 0- .. , then the resultant 

II II 

transformation can be expressed as 

V=QW (6.7) 

where Q = AS . The resulting !/Iv has a diagonal covarIance matrix 

L'v= QEwQT = I, and the integral can be expressed as a product of nv 

integrals 

n 
v 

H. 
I 

where Yj = J p(v)d(vJ 
L. 

I 

(6.8) 

The limits of integration, L j and Hj' correspond to the equations of the 

hyperbox in the transformed space. The criterion of rejection in terms of the 
ith partial yield can be written as 
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Y. 
reJ 

n v 

where Y . represents the rejection threshold . 
reJ 
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(6.9) 

To keep the decision making process tractable, it is assumed that the process 
trajectory variation leaves the type of distribution unchanged, i.e., the new 
distribution can be approximated by a multivariate normal. The system at 
the start of the process assumes that the Jpdf of the in-lines to be observed 
in the present process is the same as that of the normal process. As the 
process proceeds sequentially, in-lines are measured and the marginal 
distributions are updated. The marginal distributions are then translated to 
attain a zero mean. Since this is only a translation, the matrix A remains 
unchanged, while matrix S is changed according to the estimated u i . The 

new V space would have the same Jpdf as before with a zero mean vector, 
while the hyperbox would have shifted in the direction of Wi thereby 

generating a new set of H. and L. in Eq. (6 .8). 
I I 

The system is also geared to decide on rejection based on the change in 
moments of a single in-line . For this purpose the system analyzes effect of 
mean and variance changes separately. Using the assumption of normality, 
the partial yield Yj can be expressed as a difference of two error functions 

(6.1O) 

Using the polynomial expansion of the error function, the partial yield Yi 

can be reduced to a power series in H j and L j . Depending on the accuracy 

desired the series can be truncated to m terms. Therefore the effect of a 
mean shift on the yield, without changing the variance, can be written as 



254 COMPUTER-AIDED MANUFACTURING 

(6.ll) 

where L1E~.] is the shift in mean in the V. dimension. 
I I 

The bounds on L1E(Vj] are determined by solving for the roots of the 

polynomial where Yj satisfies the equality condition in Eq. (6.9). Similar 

equations are solved for bounds in all the nv dimensions. Whenever a 

marginal distribution is estimated, the mean shift L1E[V] is derived in terms 
of L1E[W] using the transformation given by Eq. (6.7). If the observed shift 
in mean of the marginal distribution of Wj is L1WJl j, the corresponding shift 

in the V space is 

(6.12) 

If the detected mean shift in any dimension of V exceeds that of its 
corresponding bound the system decides to reject the lot from further 
processmg. 

The effect of a variance increase in the W space is observed as a scaling 
down of the hyperbox in the V space. Therefore the corresponding equation 
for the bound on the variance is expressed as 

(6.13) 

where Sj is termed critical scale factor and is the ratio of the estimated 

variance to the variance observed during the normal process of the marginal 
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distribution of Vi' During the process, if the system detects that the bounds 

on one or more dimension of V are scaled by factors greater than their 
corresponding critical scale factors, then the lot is rejected as in the case of 
large mean shifts. 

The system uses as its criterion for acceptance a measure of the difference 
between the observed and expected jpdfs and its relation to the final 
objective, yield. Using a discriminant function which converts the 
multivariate populations into univariate populations, the means of the 
populations can be separated as far as possible with respect to the 
population covariance. The function used by the system is the Fisher's 
linear discriminant function [46] , and the resulting distance is the 
Mahalanobis distance [951 expressed as 

Y=IX X2 

.Ill 

... 
· !: .. ~.. J12 . . . •• !-:.-:..-:,. :\ .. ::-. 

• ••• 

(6.14) 
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Figure 6-9: Graphic representation of the Mahalanobis distance. 
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where .11' is the difference between the mean vectors (see Fig. 6-9). The 
distance is calculated under the assumption that the covariance matrix E is 
the same for both populations. Since there are slight deviations, a pooled 
estimate of the covariance matrix is used in practice. The change in the 
yield is then related to the distance by weighting it with the yield sensitivity 
in the direction of the shift. This is equivalent to weighting the shift in 
mean along each dimension of W by the sensitivity of the yield to the 
corresponding in-line. The weighted Mahalanobi8 di8tance is expressed as 

(6.15) 

where Y is a diagonal matrix with y .. = ay/ aw .. The weighted distance is 
S 811 I 

used by the system as a measure of yield fluctuations due to small changes 
in the mean . The method can be applied for any objective function given the 
sensitivities of the W/s to the objective. At present we are using the yield as 

the objective and the methods of determining the yield gradients can be 
found in [117, 102] . If the yield change is smaller than the difference 
between the expected yield and the threshold of acceptance the system 
decides on acceptance without any further steps. 

When none of these conclusions can be drawn with sufficient confidence, the 
system predicts the yield using the acceptability region derived by simplicial 
approximation in the space of observables. The decisions to accept or reject 
are then made based on this estimated yield. Under certain conditions, 
especially when the predicted yield is not far below the threshold of 
acceptance corrective measures are taken by the system by manipulating the 
subsequent process parameters for the lot under observation. The following 
section describes this feed forward control system. 

6.4.5. Feed Forward Control 

The aim of feed forward control is to improve lot yield by modifying the 
process conditions for the subsequent stages. Before this step can be carried 
out, the current state of the fabrication process has to be identified . This is 
the first stage of feed forward control which consists of process 
identification, i.e., determination of the distributions of the process 
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disturbances of all the previous stages in the fabrication process. This stage 
is followed by iterative yield improvement which requires the calculation of 
the yield derivatives with respect to the future process control parameters. 
In order to reduce the dimensionality of the feed forward control problem, 
the circuit performances are partitioned into separate groups which are very 
loosely correlated . A method similar to the one used to derive in-line clusters 
is used to group the circuit performances. Each group of circuit 
performances is affected by process control parameters, layout parameters 
and disturbances which do not affect any other group . The feed forward 
control procedure can be individually applied to each of these groups . 

The models relating the in-line measurements to the input parameters are 
used for process identification. The process disturbances are all independent 
random variables. In this paper, we have assumed normal distributions for 
all the disturbances. The problem of identification is now reduced to one of 
determining the means and standard deviations of all the disturbances in the 
previous stages. 

The disturbances are of two kinds - some affect the process control or layout 
parameters directly and others affect them indirectly . The process control 
parameter affects the mean of the first kind of disturbance . Let us consider 
the process control parameter, temperature of oxidation . We may nominally 
want it to be 950 · C . However , due to thermocouple calibration error (a 
disturbance) , the mean of the distribution of the temperature could be 
955 · C. Therefore , the mean of the process disturbance would now be 5 · C. 

The standard deviation would be non-zero since all the wafers in a lot would 
not experience the same temperature in lieu of their relative positions with 
respect to the heat source. The mean of this kind of disturbance thus has 
two components, I-'d (value of the process control parameter) and I-'r 

(random) and its standard deviation would have a single component, 17 
r 

(random) . Thus , the probability density function, f(8), of such a disturbance 
can be written as , 

1 (8 - I-'d - 1-'/ 
1(8) = --exp(- ). 

~17 2172 
r r 

(6.16) 

The second kind of process disturbance has a mean, I-'r and a standard 

deviation , 17 r. It does not have a process control parameter contributing to 

its mean. Thus, the probability density function, f(8) can be written as, 
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1 (8 - Jll 
j(8) = _xp(- ). 

~U 2u2 
r r 

(6.17) 

Eq. (6.17) can be considered to be a special case of Eq. (6.16) with Jld = o. 
Typically, for a fabrication line, the nominal distributions of the process 
disturbances would be known. However, due to the fluctuations mentioned 
earlier, the means and standard deviations of their distributions could have 
been modified. 

The procedure for determining the means and standard deviations is 
described in [105]. First, from the in-line measurements, the means of all the 
in-lines are determined. Then, the Han-Powell [92] variable metric nonlinear 
constrained minimization algorithm with the watchdog technique [17] is used 
to solve this minimization problem. 

While attempting to determine the subsequent process control parameters, 
we will assume nominal distributions for all the future disturbances. Let 
there be N j process disturbances in the ith group. Let the deterministic 

component of the means for the disturbances (i.e . process control 
parameters2) be Jl d1 , Jl d2 , ... JldN! the random component of their means be 

1 

Jl r1 , Jl r2 , .. . JlrN. and their standard deviations be U l' U 2' .. . uN: Let 8 j refer 
1 1 

to any point in the ith subspace of input parameters and let 8 .. be its jth 
I) 

coordinate. Since, the process disturbances are statistically independent, the 
jpdf will be, 

(6 .18) 

The ith partial yield Yi is given by, 

y. = J tJI .( 8 .)tjJ .( 8 .)d8 . 
I I I " , 

(6 .19) 

8. 
1 

2For the second kind of process disturbance this will be zero. 
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where 

4>.(8.) = {1 
I I 0 

if S j is within the acceptability region 
(6.20) 

otherwise 

The parameters that can be varied are the process control parameters which 
contribute to the means of the process disturbances. The derivatives of the 
yield with respect to each of these have to be determined. Since, only the ith 
partial yield depends on Jl. dJ' the product of the remaining partial yields can 

be treated as a constant, Q j' where YjQ j = Y. The yield derivative with 

respect to Jl. dj is given by, 

L1 . = Q ._8_/ Ift.( S .)4> .( s)ds .. 
J 18Jl.d . I I I I I 

Js . 

(6.21 ) 

I 

Since the integration IS with respect to S j and the differentiation is with 

respect to Jl. dl the order in which they are performed can be changed. 

Further, since only Ift.( s.) depends on Jl. d ., 
I I J 

/
8Ift j(S) 

L1 . = Q. --4>( S .)ds .. 
J I 8Jl.d . I I 

s. J 

(6.22) 

I 

Therefore, 

(6.23) 

In [117], it has been suggested that yield gradient methods can be used for 
yield optimization at the design stage. We have extended the idea to include 
yield optimization at the fabrication stage also. Yield prediction during the 
fabrication process is discussed in [70]. The algorithm for determining the 
new set of values for the future process control parameters such that the 
estimated final yield is above an acceptable value is presented in the form of 
a flowchart in Fig. 6-10. 
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Determine yield 
sensitivities 

Modify critical 
process control 

parameter 

Success 

Failure 

Figure 6-10: Flowchart of feed forward control a lgorithm. 

6.5. Computational Examples 

In this section we present computational examples to illustrate the software 
implementation of the various algorithms that have been described in the 
previous sections. We divide our description of the software system into 
three parts: modeling , quality control and feed forward control. The data 
flow in the software is graphically depicted in Fig. 6-11 . All the programs 
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are written In C and run under the UNIX operating system on a 
VAX-ll / 785. FAERICS was tuned to a commercial 4-device NMOS 
process, the devices being strong depletion, strong enhancement, weak 
depletion and weak enhancement. A large sample size was chosen and 
F AERICS and SPICE run to generate the data in form of vectors that could 
be used both by the problem decomposition as well as the regression 
routines . 

Data generation from devlc:e 
and circuit simulators 

BUllDREG 

Sensitivity calculations, 
data base creation and 

storage 
CAlCSENSE& 

REGDEF 

UPDATE 
MODELS 

Problem decomposition 
(Clustering, Factorization 
and In-line Identification) 

FACTOR 

Figure 6-11: Overview of CMU-CAM system software. 

The flowchart of the modeling software is depicted in Fig. 6-12 and the 
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PROCESS 
PARAMETERS 

PRINCIPAL 
COMPONENT 

DECOMPOSITION 

MODELS OF 
FACTOR 
IN-LINES 

COMPUTER-AIDED MANUFACTURING 

PROCESS 
VARIATIONS & 

DISTURBANCES 

MODELS OF 
OUTPUT 

PERFORMANCES 

Figure 6-12: Overview of modeling software. 

flowchart of the entire software system is given in Fig. 6-1l. The 
sensitivities of the output parameters to the disturbances are calculated by a 
program called CALCSENSE. The data grouping and vectorization is done 
by a program called BUILDREG. BUILDREG accepts the user specified 
sample size as input and produces the necessary vectors in ascii or binary 
format. Problem decomposition is achieved by the program FACTOR. This 
routine needs the intra-cluster correlation value and the set of in-line vectors 
created by BUILD REG . FACTOR parses the input files, derives the 
correlation matrix, does the clustering and computes the correlation matrix 
for each of them. 

Using PT = 0.1, 10 clusters were formed. Experimentation showed that the 
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clusters remained invariant when PT varied between 0.08 and 0.17. For the 

principal component decomposition and identification part, a variance cutoff 
value (13) of 0 .975 and a penalty value of 0.98 were used . The penalty of 0 .98 
indicates that if the jth in-line in a cluster is chosen instead of the ith in-line 
to represent a principal component, where j ~ i, then the loading on j, due 

to the principal component, must be greater by a factor of (0.98)i-;". Most of 
the principal components could be represented effectively by a single in-line 
and the remaining few by a pair. 

NE VTO NO KP 
(DEVICE (DEVICE 

PARAMETER) PARAMETER) 

~ ~ 
THSI02GATE2 I XJE2 

(IN-LINE) (IN-LINE) 

• .~'" / ~~ 
TEMPSRC-

DRIVE TEMPGATE- ETRESH-
(PROCESS) OX2 ENERGY 

(PROCESS) (PROCESS) 
./ 

LINEAR DRY P02GATE2 TEMPPOLY-
(DISTURBANCE) (PROCESS) DOPING 

(PROCESS) 

Figure 6-13: Example of a 2-1ayered model. 

An example of the process model can be found in Fig. 6-13. The device 
parameters modeled here are the zero bias threshold voltage of the strong 
enhancement device, NE-VTO, and the transconductance of the strong 
depletion device, ND-KP. It is observed that the device parameters are 
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dependent on two factor in-lines and a process parameter. The two factor 
in-lines are thsio2gate2 (gate oxide thickness after the second gate oxidation 
step) and xje2 (depth of the enhancement threshold implant after poly 
doping), and the process parameter is tempsourcedrive (temperature of 
source drive in) . Tempsourcedrive changes the source and drain profiles 
thereby changing the gate controlled charge and hence the threshold voltage. 
Both the factor in-lines are observed before the source-drain implantation is 
performed and hence it was necessary to include the process parameter 
tempsourcedrive. The factor in-line thsio2gate2 depends on two process 
parameters tempgateox2 (temperature of second gate oxidation) and 
po2gateox2 (partial pressure of oxygen in second gate oxidation) , and one 
disturbance, lineardry (linear coefficient of dry oxidation), while xje2 
depends on three process parameters namely Ethreshenergy (the energy of 
the strong threshold implant), temppolydoping (temperature of the poly 
doping step) and tempgateox2 (temperature of the second gate oxidation 
step) . The model is pseudo-two layer due to the inclusion of a process 
parameter in the second layer . One of the reasons for this can be the failure 
to observe in-lines which accommodate the effect of variations in 
tempsourcedrive. However, it is also possible that the variation in in-lines 
due to tempsourcedrive are not major, in which case they do not contribute 
largely to the variance of the cluster, to which they belong, and are hence 
eliminated during problem decomposition. 

The programs SIMP ARSE, SIMPROX and MARGIN form part of the 
quality control system. SIMPARSE parses the models formed by MULREG 
and creates the dependency trees necessary for SIMPROX to determine the 
acceptability region in the space of observables using simplicial 
approximation. SIMPROX uses the dependency trees and the constraints on 
the circuit performances to determine the subset of observables that form 
the effective input space in terms of which the acceptability region is to be 
determined. The acceptability region is specified in terms of equations of 
hyperplanes. The final acceptability region is specified by generating a C 
procedure which consists of the equations of the hyperplanes in the form of 
inequalities. MARGIN uses the sample points generated by BUILDREG and 
determines the Mahalanobis distance as well as the partial yields. In case 
the user wants to determine the accurate yield or a decision cannot be made 
on the basis of acceptance or rejection criteria, MARGIN uses the C 
procedure generated by SIMPROX and computes the fabrication yield. 

We used FABRICS to simulate a process with a small change in the 
moments of the process disturbances. A tolerance of 20% was allowed on 
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NE-VTO and 10% on ND-KP. The yield for the normal process WaB 

approximately 85%. When the mean values of the process parameters were 
slightly perturbed the results obtained from MARGIN were: 

Partial yield due to thsio2gate2 = 0.793 
Partial yield due to xje2 = 0.983 
Partial yield due tempsourcedrive = 0.928 
Mahalanobis distance = 0.0267 
The estimated fabrication yield = 71.0% 

The high value of the Mahalanobis distance indicates a need for feed 
forward control. This is confirmed by the low value of the estimated 
parametric yield. 

6.5.1. Yield Enhancement 

In this section we will describe how the program YIELD WaB used after the 
gate oxidation stage of the fabrication process (simulated using FABRICS) 
to modify the process control parameters of the succeeding stages when the 
disturbances of the previous stages were shifted from their normal values. In 
the example described above, the estimated fabrication yield of 71% is below 
the threshold of acceptance. The feed forward control procedure can be 
invoked to increase the yield to a value above 80% (acceptable value -
computed using the profit function). Given below is the list of process 
control parameters and disturbances that affect the device parameters of 
interest (see Fig. 6-13) together with their nominal values. 

Name Deterministic part Non-deterministic part Variance 
of mean of mean 

tempgateox2 I" Ci 1000.0 1.0 2.0 
po2gateox2 I-I 0.970 0.002 0.002 
Ethreshenergy leVI 110.0 2.0 1.0 
temppolydoping I' CI 950.0 -1.0 2.0 
tempsourcedrive 1- CI 1000.0 -3.0 2.0 
lineardry l/lm/sec l 0.0 1840.0 20.0 

Using the program, YIELD, the yield for this nominal set of values for the 
process control parameters and disturbances was found to be around 85%. 
This took 45 minutes of CPU time on the microvax (V AXstation II/GPX). 
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The process control parameters and disturbances affecting the gate oxide 
were found to be shifted from their nominal values. The new values for these 
are given below. 

Name 

tempgateox2 I· ci 
po2gateox2 I-I 
Iineardry Ipm/secl 

Deterministic part 
or mean 

1000.0 
0.970 

0.0 

Non-deterministic part 
or mean 

-4.0 
0.005 

1875.0 

Variance 

2.0 
0.002 

25.0 

The program, YIELD, was now used to modify the future process control 
parameters so that the expected final yield was greater than the acceptable 
value. From an initial value of 71 %, the program was able to increase the 
expected value of the final yield above 80% by modifying just one process 
control parameter. This took 2 hours of CPU time on the microvax. The 
final distributions for the future process control parameters are given below. 

Name 

Ethreshenergy leVI 
temppolydoping I· CI 
tempsourcedrive I· CI 

Deterministic part 
or mean 

110.0 
950.0 
997.0 

Non-deterministic part 
or mean 

2.0 
-1.0 
-3.0 

Variance 

1.0 
2.0 
2.0 

Below, we briefly present two more examples. In the first, the output 
parameter is NE-CGBO (gate-bulk capacitance). The observables are 
thsio2gate2 (thickness of gate oxide) and xjf4 (field junction depth) . 

Acceptable yield = 85% 
Mahalanobis distance between the two distributions = 6.3005e-03 
Partial yield due to xjf4 = 99% 
Partial yield due to thsio2gate2 = 93.8% 
Estimated yield is = 93.0% 

The small Mahalanobis distance indicates that this is a clear case of 
acceptance. None of the partial yields is low enough to indicate that the lot 
has to be rejected. This is verified by estimating the final yield (93%). 

In the next example, the output parameter is NE-CGSO (gate-source overlap 
capacitance). The only observable is thsio2gate2. Hence, the partial yield due 



COMPUTATIONAL EXAMPLES 267 

to thsio2gate2 is also the estimated final yield. 

Acceptable yield = 85% 
Partial yield due to thsio2gate2 = 77% 
Mahalanobis distance between the two distributions = 9.7272e-02 

Since the partial yield is lower than the acceptable value, feed forward 
control is required . The Mahalanobis is also high, indicating that the process 
has strayed significantly from its normal trajectory. 

Nominal values for the input parameters: 

Name 

tempgateox2 [ . ci 
po2gateox2 [-I 
lineardry [!lm/ secl 
tempsourcedrive [ . CI 

Deterministic part 
of mean 

1000.0 
0.970 

0.0 
995.0 

Values of inputs after gate oxidation: 

Name 

tempgateox2 [. ci 
po2gateox2 [-I 
Iineardry [!lm/ secl 

Deterministic part 
of mean 

1000.0 
0.970 

0.0 

Non-deterministic part 
of mean 

1.0 
0.002 

1840.0 
2.0 

Non-deterministic part 
of mean 

-5.0 
0.005 

1868.0 

Variance 

2.0 
0.002 

25.0 
2.0 

Variance 

2.0 
0.002 

25.0 

By using the program YIELD, we determined that the estimated yield can 
be increased from 77% to 85% by decreasing tempsourcedrive from 995 0 C 
to 990 0 C. 

6.6. Conclusions 

A portable software system which performs process modeling, quality 
control and feed forward control has been described in this paper . Data 
needed for this system is readily available in any presently installed CAM 
system (such as COMETS or PROMIS). The performance of our system, 
viewed in terms of the total CPU time as a fraction of the total processing 
time, is quite satisfactory for the typical process flow in Ie manufacturing. 
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